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Overview

The field of elasticity is concerned with the mechanical response of
“solid” bodies. Itis an old subject that has its roots in work by
Euler, Lagrange, and others in the 18t century. This work is based
on the idea that extended matter is a mathematical continuum of
mass points with preferred relative positions that stretch or
compress in response to stress. This is the approach that will be
followed in most of these lectures. It should be noted, however,
that there is another, more restrictive but nonetheless very useful,
approach to elasticity, namely one in which elastic distortions are
viewed as Goldstone modes associated with the formation of
periodic crystalline states. In the description, elasticity arises from
spatial variation of phases of mass density waves.



Course Outline

(subject to change as lectures progress)

Preliminaries

A. Mapping from reference to target space

B. Deformation and Strain

C. Cauchy-Green tensors and nonlinear strain
D. Eulerian Strain

Elastic energy

A. Elastic moduli

B. Isotropic and uniaxial solids

C. Voight notation

Force and stress

A. First and second Pila-Kirchhoff stress tensor
B. The Cauchy stress tensor

Polar Decomposition Theorem and target-reference conversion.
Nonaffine Response



Classical Lagrangian Description

Engineering
notation: x->X
R->x

R(x) = x 4+ u(x)
Material distorted to new positions
R(x) in d 2D dimensions.

Reference material in D
dimensions described by a

continuum of mass points x. OR

Neighbors of points do not o P — 6za + UM
: . T

change under distortion a

Cauchy deformation tensor 7). — 0 u

a1
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Linear and Nonlinear Elasticity

Linear: Small deformations — A near 1

Nonlinear: Large deformations — A >>1

Why nonlinear?

e Systems can undergo large deformations — rubbers, polymer
networks, ...

e Non-linear theory needed to understand properties of statically
strained materials

e Non-linearities can renormalize nature of elasticity

e Elegant an complex theory of interest in its own right

Why now:

e New interest in biological materials under large strain

e Liquid crystal elastomers — exotic nonlinear behavior

e Old subject but difficult to penetrate — worth a fresh look
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Deformations and Strain

Complete information about shape of body in R(x)= x +u(x);
u= const. — translation no energy.

No energy cost unless u(x) varies in space.

For slow variations, use the Cauchy deformation tensor

7

A2
A=| 0 AV
0 0
A= A0 |,
0 A

0

0
A

A, =06, +0 u =06 +n, d@R=detAd’s

det A =1: No volume change
3D

Volume preserving stretch along z-axis: This is pure shear
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Simple shear strain

Note: A is not symmetric

AY

Y S

|

—

C?)

A\ >
0

A

May/2018

Constant Volume, but note
stretching of sides originally
along xor y.

A
=y h /
0
&
~
Rotate
A=| 1 O /
A1 ~
<
Not equivalent to j
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More Complex Shear

Shear: symmetric deformation tensor with unit
determinant — equivalent to stretch along 45 deg.

A — V14 A’ A
”’ A 1A
detA =1

Again volume preserving:
All nonlinear shears
preserve volume.
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Cauchy-Green Tensors

R=Reference space

T=Target space
— dR* —dz* = 2u_,dx dz,
2 __
dR” = gaﬁd:vad:vﬁ

R'(x)=UR

goﬂ o aozRi aﬁRz o AaiAiﬁ Am 833 6i0‘ T 777;0‘

(87

Metric tensor: Right Cauchy-Green tensor (C,): Invariant under any U

Standard Engineering notation
_ _ T
hij — aaRz' aaRj — AiaAaj inblue: A, 2 F

Left Cauchy-Green tensor (3, (or Finger
tensor): Invariant under any V
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Nonlinear Strain Symmetric!

I
u =3(AA-8)=Lg-8)~i(n+7n)

Assumes flat
_ 1 reference
U ——(8u—|—8u —I—Z?uc‘?u)
ap 2 g p o a k0K metric with
u' =y — +o0Tru d*=dR?

U, IS invariant under rotations in the target space but
transforms as a tensor under rotations in the reference space.

It contains no information about orientation of object. This is
the strain physicists use.

v =1(AA =8 =I(n+n")
V. :§<8.u.+8.u.+8 u. 0 u)
4 ) J a 1 oo ]

Vi is invariant under symmetry operations in the reference space,
but it transforms as a tensor in the target space.
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Eulerian Strain

Treat x as a function of R rather than R as a function of x

u(x) - u(x(R)) 9% 0z, o . 0%,

or. (9Rj v “ (9Rj
dx’ = h; dR AR
dx’ —dR® = —2u§dRZ.de
E Or Ox

= = (A" A =n"
1] aRZ 8R] oy i
(
uézé(é,.—h?):l ou, (%fj du, (911,
v v 2 \8R (9R OR (9R
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Elastic energy

The elastic energy should be invariant under rigid rotations in the

function of u.g
_ 1 D
F = Ej.d 2 f(Uy,)
_ 1 D -
=1 J.d a:[Kaﬂyguaﬂuyg + Gaﬁuaﬂ]
This energy is automatically invariant under rotations in
target space. It must also be invariant under the point-

group operations of the reference space. These place
constraints on the form of the elastic constants.

Note there can be a linear “stress”-like term. This can be
removed (except for transverse random components) by
redefinition of the reference space
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Elastic modulus tensor/isotropic solid
K

aiys 1S the elastic constant or elastic modulus tensor. It has
inherent symmetry and symmetries of the reference space.

K ops = Bosup = Bpops = Bopsy

Isotropic system K .. = l5aﬁ5y5 + (o 5 +6 55ﬁ5)
U and V symmetry
/= f( ) (UA L/—l) operations: invariance
f= 1= (L@L/‘l) R(x) — UR(V_'x)
=1\’ N O CTr(u”)’ + DTr(u™)’

1
> A
st \2
%B(Tru) + ,uTr(y, )
i = shear modulus; B =x\+2p/D= bulk modulus
Isotropic: free energy density f has two harmonic elastic constants
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Uniaxial Solid

Uniaxial (n = unit vector along uniaxial direction)

K = Clnan

T T
b6 nng+C,(n,no . +nmo..)

B v B of
T QT T QT T QT
+ 0,40, +2C,(0, 04 +0,0, )+

T T T T
+C(n,n o0y +n,no, +nmo, +nmo,)
Uniaxial: five harmonic elastic constants

Invariant under

R(x) — UR(V x)

~ uni

2 2
f=iCu +Cu u +iCu
2 1 22 2 2z w 2 3 w
2 2,
+2Cu _+2C.u ; Summation convention on

X = (ijxz) repeated vand T
understood.
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Voigt Notation

Because the strain matrix is symmetric, it has only D(D+1)/2
independent components:

2D u = (u,,u,,u, );

3D :u = (u

U LU U

U : U )
Y 2z’ Twy’ xz’ wyz

y
The elastic energy can then be written in matrix form
f=3%u Ku

( K must be positive definite for

21K mechanical stability: 3 positive
B Y | eigenvalues in 2D and 6 in 3D.

K=| K K 2K

LTYY yyyy yyry

2K 2K 41K

\ LTYY yyry LYy )
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Force and stress |: Lagrangian Picture
fZ.L = 8@0; F = J‘ddxff = force

f:F . internal “Lagrangian” force density in reference space—
vector in target space.

The stress tensor ¢/, is mixed. This is the engineering or 1°
Piola-Kirchhoff stress tensor = force per area of reference
space. Itis not necessarily symmetric!

SF™ = —J defZ.L5uZ. The first integral is over all
- ) space because f.”is zero
=—| d’z6u d o’ pac /
oo i o i outside matter, the surface
= — dS o' Su + J d’ro’ o Su integral is zero because the
Jopo o o 1 D o o 1 . .
- stress outside matter. D is
= L) dDﬂEO'Z.Ia d_ou =0F the volume of the sample
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Force and Stress |

Su (x
o 6f :_dew/ af / Ozﬁ( ): fL _ a O'I
bu, (x) du ,(x') du(x) '+
Su_ (x)
af _ / / /
o (o) =1(A, 0+ A, 0 )8(x—x)
6f D _/ af / / L I
— =— A Sx—x)=f'=0 o
ou,(x) f u (x) 7 (x=x)=] «%ia
ol = i — A of — A o |Note: In alinearized
i aAm i3 auﬁa 8 fa theory, O-Iz'oz — O-z'ozH

0" is the second Piola-Kirchhoff stress tensor - symmetric
OF = dex O'Z.Ia 0 bu. = de$O'fﬁAw6Am = dexai]ﬁ(Suaﬁ
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Cauchy stress

The Cauchy stress is the familiar force per unit area in the
target space. It is a symmetric tensor in the target space.

C
[d’zo! 0 6u = [d"RoV su, ¢ = O

— | d’R5%(V 6 \Va - 9%
= J d"Ra(V $u,+V u,) 5 _ 0 _OR 9
d'R = det Ad’z * 9z dr OR "
c 1 oL AT 1 T AT 1
o .. A — A A ¢ — AT
1) detA za g detA 10 046 g Q- detA Ag A

Symmetric as required

Exercise: Show

83.05 = [ =f"/detA
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Coupling to other fields

We are often interested in the coupling of target-space vectors like
an electric field or the nematic director to elastic strain. How is this
done? The strain tensor ug is a scalar in the target space, and it can
only couple to target-space scalars, not vectors.

Answer lies in the polar decomposition theorem
A= AA"A)P(ATA)” = 0g"

A =(AATY2(AAT) A = BP0
g=(6+2u); O=Ag "
00" =Ag "*(Ag ") =Ag g PAT = AATA)TAT =6
g Is symmetric and depends on v only.

O Is an orthogonal, unimodular rotation matrix
Exercise: Show A(A"A)™* = (AAT) A
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Target-reference conversion

The rotation matrix O converts target-space

vectors E. to reference-space vectors E, and vice-versa

~

E=0FE; E =0E

If A is symmetric, O, =6 .
0=Ag”%=®+nWﬁ+ﬁU@+@H”2

~ ~

~6+n—in —in=06+1(n—n")

~

O ~6 ++(0 u—-0u)~b6 —e

({84 [/

To linear order in u, O, has a term proportional to the
antisymmetric part of the strain matrix.
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Sample couplings

Coupling of electric field to strain

- . T p
EE =EOu O'E =vEE
%

Uu
OuO" = LA(ATA) 1/2(ATA §)(ATA) 2A”
=3(AN =8 =

~ A~ ~

Free energy no longer depends on the strain u 4 only. The

electric field defines a direction in the target space as it
should

f'=flu)- gEE v, A — OR, _ Ok, 8&:; /

i / i3 06
Energy depends on both Ov, Odz, Oz,
symmetric and anti-
symmetric parts of 1’ AN =0 _+1
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B. A. DiDonna and TCL, PRE 72 (6),

N Onaffl ne response 066619 (2005).
‘ Kfjkz(x) — K:‘j!d
T 5Kffkf(x)

|

.:__.‘\_';‘_b.__

— b= ——— - -
. . ”™ r "

) . !
A= - = - - .

H = f ddx(EKfjkf(X)”fj(X)uk!(X) + 55J(X)“f~f(x))

K,j,and o,;are random variables. Chose u so that the system is
in equilibrium at u=0. Thus the local force must be zero.

fi(x) = 9,0{(x) = 9;0,=0

1
=3 j dx K j(X)u(X) g (x) + F(x) djua(x) g (x) ]

Linear term in u does not survive.
May/2018
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Deviations from Affine Response

Rf(XB) — AijBj X . boundary sites

Ri(x) = Ayjarj + ui(0)|[ (%) =y, + 1 (x)

u’: Nonaffine response

u;i(x) = }/fjxj + (dut; + du; + 0, + y;,0u,)/2

1 ! ! ~ !/ !
(57—( — 5 {Kfjk[&juf C?[Mk + [5[(!};([()() + 51!(0-;!(}{)](9;”: (?[Mk

+ 26K j1/(X) Yigditt; }
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Response to Strain with Random K

M:(X):f X Xfp(x Xr)‘a oK J;k!(xr)%d
X, (x,x) = —0, K. (x)0,6(x—x')

1kl
T ~
Kzgk:l( ) Kz'jk:l T 5Kz'jk:l(x) T 52']{:0-]'1
1 o 1

X?;j(CI) — 54iq5 + —2(5?:;; — qiq;)
(A T Q[L)q Hq Nonaffine correlator:
average over random

G ij (X X ) <’u,! (X) 'u,". (x")> modulus and internal
stress

x X(9)g(8K6K )qx(q) < (6K6K ) / (K*q")
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NoO

naffine Correlations
B ok v? A" (q)
G(q) = Gii(q) ~ ?AS( ) 2 K2
.
G(q) = ungg (Aa + ABGT — Acdyq;)
G(x) = ((u'(x) —u'(0))°)
~ Aln(|x|/B) d=2
~ C — Dl|x|™! d =3
€T;T 1

gﬂ(x) — Cij€Ll ‘XH gkl (X) W (X)
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Map of Nonaffine Displacement
Directions

" 1E Y H_?.,..H
._, ,_I____u.. m_m_. aﬂh.._. m.ﬂ...n.

- o ___.._ u...

ww.ﬁh,., ~ ,,,mﬁ. u.mnn% o
s . - __.___u. (2 i oy
. ,...mﬁw%% R
) q.-_._._.vnhﬂ.qxw“..ﬁﬁ .._“_.W__. .rm.hwq.”ﬁ.ﬂ.#; Jm\rq.w
g .MW.,. .j%ﬁmuﬂ .. ...*Ffauﬁ@m

o . . e

S ¥osy, ‘.,..&.ﬁ; %ﬁm
4.
__

-
L ]

.l....!_.___n__.._.. o *h Y i r..n.....ﬂ?.rﬂ._..ﬂ.._..w....

i !.u.nm..-.._.__“_._u-..n.u.....-..am . r.J.“J._.f-.ﬁJ .j_f_ __.-._.-Hﬂa{w...-.._. - “.__. __.m..FH
e 2 SRR
- w , ._.._. |
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Numerical Calculations of G

(a) oz (b) ooas
0.24 b
0.03 |+
0.22 } y
ooes +F W
™ 0.2 F o §
A —
2 sl 'ﬁ 002 |
o=
o — E‘h
016 F L
—~ —_ 0015 |
L)}
0.14 h
0.12 | o : aal |
-
01 F g o.o0s b
w
0.08 S S—— S
| 10 0 .
i}
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“Relaxed” Elastic Modul,

7 = f@u(x)exp-—%fdl)a,’(K@u ou (5K(X)K€9u8u)-

K =K-T f A"z ((6K(x) / T)') T 99 x(x,x')

= K — [ (sK(@)K(~a))’x(@

X=X

Elastic moduli are reduced by nonaffine relaxation
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Example: Incompressible Rubber

9 ' IR? | Probability distribution of a
P(R)= exp|— random walk of N steps of
27 Nb*

2Nb’ | length b.

V(R)=—-TInP(R)= %T ]f;; Purely entropic force
37 <

f=n(VAOR) = —

R ATAR >R

0~ ~

) Average is over the end-to-end
<ROZR0]> — géiij separation in a random walk: random
direction, Gaussian magnitude

T
f=1inT TrA"A=1InT Tr(6+2u)
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Rubber : Incompressible Stretch

f = %Tanr/}T/} = %Tanr(l + 2u)

Unstable: nonentropic forces between atoms needed
to stabilize; Simply impose incompressibility constraint.

A2 0 0
A= 0 A 0
0 0 A
1 2
Of ==-nT|A* +=
/ 9 ° A
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Rubber: stress -strain

W /A=

F =2 (voy)= QAN 4 O 4pnarear
0L OAL, " OA reference space
F ]

L ol = e f:nTA_L]
Engineering stress AR O\ A?
Physical Stress g’ — i _ Aﬁ —nT|A? — l
A= Ap/A=Areain A A
target space ;

Y=Young’s modulus: | y _ o _ ﬂ (1 1 W)2 _ L -~ 3nT
A=1+~ ol Y 14~
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Rubber elasticity: Neo-Hookean Model

f = %Tanrg 4 %B(] _ 1)2 Add nonlinear
~ ,compression energy to
= %Tnb T Tanl"@ T %B(Try,) rubber entropic part:

J =det A = (det g)m

linear term: compression
of crosslinked system

Neo-Hookean model: No linear term: most common of many semi-
empirical theories for nonlinear elasticity in the engineering
literature. Note isotropy in the reference space means g can be

replace by h anywhere. /
1 |Trg
|:|f — _ILL 2/~

2 \J

-3

)

/

+ MJ —1)

— puTru’ + %A(Tryj
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