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STELLINGEN

Voor de isotherme, adiabatische en geisoleerde susceptibiliteit, respectie-
velijk 77, zs en zis, van de in dit proefschrift beschreven diamagnetische
systemen geldt de ongelijkheid y7 = zs = xis.

Hoofdstuk IT van dit proefschrift.

I1

Voor de in dit proefschrift beschreven diamagnetische systemen zijn de
Kramers-Kronig relaties van toepassing op het reéle en imaginaire ge-
deelte van y(w) — z(co), waarin z(w) de frequentie-afhankelijke suscepti-
biliteit is en z(co) [= limy.,, z(®)] een reéle, negatieve grootheid is, die
samenhangt met het optreden van een expliciet van de tijd afhankelijke
component in de magnetisatie-operator. De Kramers-Kronig relaties
zijn voor deze systemen derhalve niet incompatibel met Re x(0) < O en
Im %(w) = 0 voor @ = 0.

P. C. Martin, Phys, Rev. 161 (1967) 143,
Hoofdstuk 11 van dit proefschrift.

[11

De door White gegeven definitie van diamagnetische systemen is te
restrictief.
R. White, Quantum theory of magnetism, McGraw Hill
(1970).

IV

De bewering van Kubo, dat voor een fasefunctie A(p, ¢) de asymptoti-
sche waarde van de autocorrelatiefunctie in het mikrokanoniek ensemble



<AA(t)>m in de limiet / — oo gelijk is aan <A>%, indien de ergodiciteits-
conditie voor A(p, ¢) uniform geldt, is onjuist.

R. Kubo, J. Phys. Soc. of Japan 12 (1957) 570.

Papadopoulos wekt ten onrechte de indruk, dat de isotherme magne-
tische susceptibiliteit van een met de Einstein-theorie beschreven ionen-
rooster slechts voor zwakke magneetvelden negatief is.

G. J. Papadopoulos, J. Phys. A: Gen. Phys. 4 (1971)
773.

VI

De door Niemeijer afgeleide uitdrukkingen voor de spin-spin-correlatie-
functies en de autocorrelatiefunctie van de totale magnetisatie in het XY-
model kunnen eenvoudiger worden verkregen, zonder gebruik te maken van
een bepaalde representatie, door over te gaan op operatoren o; en Pi
(=1, ...,N), gedefinieerd als o5 = (I V2)(¢s + ¢f) en By = (—i[{/2)-
(ey—¢;) (=1, N).

Th. Niemeijer, Physica 36 (1967) 377.

VII

Uit hun experimenten omtrent het gedrag van atomaire waterstof op
koude oppervlakken concluderen Brackmann en Fite, dat bij 80 K van
de opvallende waterstofatomen 229, recombineert tot moleculen. Deze
conclusie is aanvechtbaar.

R. T. Brackmann en W. L. Fite, J. chem. Phys.
34 (1961) 1572.

VIII

De door Balescu voor een systeem met hamiltoniaan H = Hy + AV
(waarin Ho = ¥, g/ de hamiltoniaan is van N onafhankelijke harmo-
nische oscillatoren) gegeven afleiding van condities, die het bestaan uit-
sluiten van bewegingsconstanten die analytisch zijn in 4, is niet geheel
bevredigend.

R. Balescu, Bull. Acad. Roy. Belgique Cl. Sci. (5¢ série)
XLII (1956) 622.




IX

De door Fan en Wu met de dimerenmethode gegeven afleiding
gesloten uitdrukking voor de vrije energie per vertex van
modellen kan vereenvoudigd worden door gebruik te
onder afgebeelde “dimer-city”’,

van een
“free-fermion”
maken van de hier-

4,
A VW,
We /| VW, 4 g A Wg/ VW,
> <0 »—
4 — 3 " 4

C. Fanen F. Y. Wu, Phys. Rev. B 2 (1970) 723.

X

Het is te betreuren, dat de niet-confessionele partijen, wanneer zij rege-
ringsverantwoordelijkheid dragen, keer op keer toegeven aan de confessio-
nele partijen in zaken betreffende de persoonlijke vrijheid van de Neder-
landse burger.
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INTRODUCTION

The time-dependent statistical-mechanical behaviour of harmonic oscil-
lator assemblies has been studied extensively, also in recent years. In
particular these investigations have dealt with the stochastic types of
motion of one single particle 1, 2,3, 4.5, 6, 7) Though e.g. Fourier’s macroscopic
law of heat conduction is violated in such assemblies8), it has been shown
that harmonic oscillator assemblies exhibit some remarkable properties
characteristic of the behaviour of systems with more realistic interactions,

The studies referred to above, have dealt with essentially local properties.
In this thesis, however, we shall discuss a property of the system as a whole,
v1z. the total magnetization of a harmonic oscillator assembly in a magnetic
field. In a time-dependent magnetic field such an assembly may then serve
as a model for diamagnetic relaxation, i.e. may be expected to exhibit, in a
qualitative way, the behaviour of real diamagnetic systems. In the theory
of diamagnetic relaxation, which will be presented in this thesis, the time
behaviour of the autocorrelation function of the magnetization in the canonical
ensemble plays a central role. Mazur?) has pointed out recently that the
time average of such an autocorrelation function is intimately connected
with the ergodic properties of the phase function (or operator) involved.
In this light considerable attention will be given to the ergodic behaviour
of the total magnetization in harmonic oscillator assemblies.

In chapter I the dynamical problem of a linear chain of charged aniso-
tropically coupled two-dimensional harmonic oscillators in a magnetic field
B will be solved. We shall derive an explicit expression for the autocorre-
lation function R(¢) of the magnetization in the canonical ensemble. In the
limit of an infinite system the asymptotic time behaviour of R(f) will be
discussed in connection with the ergodic properties of the magnetization for
varying values of B and the anisotropy parameter y. It will be shown that
the magnetization is ergodic only in the case y % 0 and B — 0.

In chapter II a linear response theory for simple diamagnetic systems in a
time-dependent magnetic field will be presented. We shall give expressions



for the isothermal, adiabatic, isolated and frequency-dependent suscepti-
bilities per particle for diamagnetic systems. Inequalities between the
various susceptibilities will be derived. The theory will be applied to the
system discussed in Chapter 1.

In chapter III the stochastic behaviour of the normalized total magneti-
zation X (¢) of the system studied in chapter I, will be investigated in the
classical limit. We shall, in the limit of an infinite system, derive expressions
for the joint and conditional distribution functions of X({) in the micro-
canonical ensemble. The process X(¢) will be found to be a stationary,
gaussian, non-markoffian process. We shall discuss the asymptotic time
behaviour of the conditional distribution function and the conditional
average of X(?) in connection with the ergodic properties of X(?) for varying
values of y and B. It will be found that, if y % 0 and B — 0, the process
X (¢) is an ergodic process. Finally we shall establish an equality connecting
microcanonical and canonical autocorrelation functions of sumvariables.
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6) Mazur, P. and Braun, E., Physica 30 (1964) 1973.
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CHAPTER |

HARMONIC OSCILLATOR ASSEMBLIES IN A MAGNETIC FIELD

Synopsis

The dynamical problem of a linear chain of charged anisotropically coupled two-di-
mensional harmonic oscillators in a magnetic field B is solved. The constants of the
motion of the system are analyzed for varying values of B and anisotropy parameter y.
It is shown that the invariants have an essentially different nature for y=0 and for
y # 0, if B tends to zero. The autocorrelation function R(f) of the magnetization in the
canonical ensemble is explicitly derived. The asymptotic behaviour of R(f) for long
times is studied in the limit of an infinite system, with very general assumptions with
respect to the interactions. It is shown that the magnetization is in general not an
ergodic property of the system. Only in the case B — 0 and p # 0 is the magnetization
found to be ergodic. There is, as expected, a close relation between the ergodic behaviour
of the magnetization and the non-analytic nature in » of the constants of the motion
in the limit B — 0.

1. Introduction. Considerable attention has been given, also in recent
years, to the time-dependent statistical mechanical behaviour of harmonic
oscillator assemblies. In particular the stochastic types of motion of a single
particle in such assemblies were studied in great detaill). Much of the
relevant information for this case is contained in the momentum auto-
correlation function of the specific particle considered. A number of signifi-
cant results have been established by studying this single particle momentum
autocorrelation function?). Thus it was found that a given particle in the
limit of an infinite assembly will exhibit an irreversible behaviour in the
following sense. In an ensemble in which all degrees of freedom of the
assembly, except the specified momentum of the particle considered, are
initially canonically distributed (at temperature 7', this particle will perform
a stochastic type of motion such that its momentum distribution function
will for long times reach its equilibrium form and become Maxwellian. For
a very heavy particle harmonically bound to a linear chain of harmonic
oscillators of equal but light mass, this approach to equilibrium follows the
stochastic equations of Brownian motion!:3). Brownian motion can also
be simulated by a particle having the same mass as the other particles in the
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assembly provided a specific and unique choice is made for the interaction
matrix of the chain4). A harmonic oscillator assembly may therefore act
asa “heat bath” with respect to a specific particle of the assembly. However,
the energy flow within such a “heat bath’ does not obey the macroscopic
law of Fourier. A number of papers have in particular dealt with the heat
flow in linear chains of harmonic oscillators?).

In all the investigations referred to above, the properties studied were
essentially local properties. In this chapter we discuss a model of coupled
harmonic oscillators which enables us to study a property of the assembly
as a whole. The model consists of a linear chain of N two-dimensional
coupled charged harmonic oscillators in a magnetic field B, perpendicular
to the plane of motion. Furthermore we introduce a uniform anisotropy in
the interaction. The property studied is the total magnetization of the chain.

In section 2 we study the dynamics of the model. By means of canonical
transformations the Hamiltonian is written as a sum of 2N independent
linear harmonic oscillators whose frequencies are expressed in terms of the
normal mode frequencies of the chain in the absence of an external field and
of anisotropic coupling, and in terms of the field and the anisotropy para-
meter y. The discussion of the dynamics is then reduced to solving the
(operator) equations of motion for the independent oscillators.

In section 3 we discuss the behaviour of the constants of the motion ex-
pressed in the original coordinate and momentum operators of the chain,
with varying magnetic field B and anisotropy for the “‘coupling’’ parameter
y.

It is shown that at finite value of the magnetic field the constants of the
motion are analytic functions of y (for sufficiently small y). However, in the
limit as B tends to zero, these invariants of the motion are non-analytic
functions of y: they reduce to different operator functions if y is equal to
zero, and if y tends to zero.

In section 4 we study the time autocorrelation function of the total
magnetization in a canonical ensemble. We first express a total magnet-
ization operator in terms of the operators pertaining to the 2N independent
modes of oscillation of the system. The autocorrelation function of the
magnetization can then be evaluated in a straightforward way. In order to
investigate the behaviour of the function in an infinite chain, some very
general assumptions are made concerning the interaction matrix character-
izing the chain. For the infinite chain the autocorrelation function is then
written as an integral whose asymptotic value, as time tends to infinity,
exists. It is shown that for finite magnetic field B this asymptotic value is
not equal, but is larger than the value to be expected for thermodynamic
behaviour, i.e. to be expected if the magnetization were an ergodic property
of the system. However, in the limit as B, the magnetic field, tends to zero,
the asymptotic value of the autocorrelation function is zero for finite y, and
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equal to the value to be expected in this case if the magnetization were an
ergodic property of the system.

Therefore, according to a well known theorem on correlation functions,
ergodicity of the magnetization is thus implied by the asymptotic value of
the autocorrelation function in the latter case (B — 0, y # 0). It should
be stressed here that ergodic behaviour of the magnetization in a limiting
case for our model is in no way meant to imply that the system as such is
then “an ergodic system’’. On the other hand we note that ergodicity in the
above restricted sense, viz. ergodicity of the system with respect to a specific
property of the system as a whole, in casu the magnetization, appears to be
related, as we show, to the non-analyticity in the “coupling” constant y
of the constants of the motion of the system.

2. Dynamics of a linear chain of two-dimensional coupled harmonic oscil-
lators in a magnetic field. We consider a linear chain of N identical charged
particles, whose motions are restricted to the xy plane. The particles interact
through harmonic forces and are subjected to a homogeneous external
magnetic field B along the z axis.

The Hamiltonian is given by

N
H=33pi— Ar))2+3 X 7 Qy(l + yo?)*. (1)
i=1 ff=1,.., N
o,f=2,y

Here r; and p; are the two-dimensional displacement vector and momentum
vector of the 7th particle. The quantities £24; are the elements of a symmetric
N x N matrix Q characterizing the interaction between the particles; 1
is the 2 X 2 unit matrix and o? the 2 X 2 matrix

ey AP ;
f (o —1)‘ @)

The parameter y* is therefore a measure for the anisotropy of the interaction
in the x and y direction. It is seen that in this model the anisotropy of the
forces is independent of 7 and 7. Finally A(r;) denotes the vector potential
of the homogeneous magnetic field B, which is given by

A(n) = _128 A Ti. (3)
For reasons of convenience we have assumed both the mass and the charge
of a particle to be equal to unity. We have also taken ¢ to be unity. (¢ =

velocity of light). With eq. (3) the Hamiltonian (1) may be rewritten in the
form

N
H = Y 1p; — 3i B(ri-av-py) + 3B2(ri-r;) +
i=1
_}_ .l’. .\_: 7’;-‘ .-.?U (I f;F yaz)‘\ﬁ r);. (4)
ihi=1,..,N
a,fi=2,y

* Without loss of generality we assume y > 0.



where the 2 X 2 matrix o¥ is given by

0 —i
oY = (i O)' (5)

The symmetric matrix £ can be diagonalized by an orthogonal transfor-

mation:
N
by
e

A\'
0u05" = widu; 2 040ix = djk, (6)
1 i=1

=

I

7,
., . 9 . \ - - .
where the quantities o} (i = 1, ..., N) are the eigenvalues of £. Introducing
new coordinates and momenta
! l
() = Z Ourj,
i

(#)' = ZO0yp; (x=x19) (7)

the Hamiltonian then becomes (dropping the primes denoting the new
variables)

t

N
H = ¥ 1p; — 3iB(ri-o¥-ps) + lri{(of + 1B%) 1 4 ;'m;‘-?c"_],-ri. (8)
-1

The Hamiltonian H is thus the sum of N uncoupled quasiparticle Hamilto-
nians H;

Hy= 3p; — 3 B(ri-o¥-pyi) + Iri{(wf + 1B2) 1 + yojo?}-r;. 9)

Each quasiparticle is thus an anisotropic two-dimensional oscillator acted
upon by a magnetic field B. In order to solve the dynamical problem for
each quasiparticle we shall now perform an additional canonical transfor-
mation by which the Hamiltonian H; becomes a sum of two independent
Hamiltonians H; and H; each describing a one dimensional oscillator. To
this end we introduce new coordinates R; and momenta P; related to ry and

pi by
ri = Ry — cijo®+ Py,
Pi = aw® Ry + (1 — aicq) Py (8 =l ;s N, (10)

where o7 is the 2 x 2 matrix

P [ I 11)
e s ‘

and where a; and ¢; are arbitrary constants. It can easily be checked that
the transformation (10) is indeed a canonical transformation for all values

of a; and ¢;.
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With @; and ¢; given by

“u);fZ — ('*"-Zm,1 -+ B2 m? 4 1B2))i

= [t 7 7/7___1; (7 4 )) - (12)
B

2(y%0! + B(o? + }B?))t’

= —

(13)

i

the Hamiltonian H; given by (9) assumes the form H; = H; + H; with:

H} = 3A}FPE, + B} X2, (14)
H; =3A7Pi .+ 3B; Y}, (15)

where A7 and Bj are defined by

1

2(y2wf + B2(w] + 1B2)} 4 2‘,/_(:);-" + B2

A = T "3 .- . 16
< 4(;/34:),-'  B2(w; + }B?)* S
1 9
B3 B2 {2920} + 2B%(w] + 1B2) —
(20! F BY (ol + Bt + 1B, (17)

We refer to appendix I for details of this calculation. By suitably rescaling
the coordinates and momenta according to

e Gl,«w* X PL.= (A})} Pay,
(18)
y; - (T])‘ Y, P, = (A7) Py.y,
we finally obtain (dropping the primes once again)
HY = §P2 4 1o} X, (19)
Hy =3Py, + $0 Y3, (20)
where o? ; and o® (i = 1, ..., N), defined as
ol = Af Bf = }{B? + 20} + 2(y?0} + B0} + 1B%)Y (21)

are the squares of the frequencies of the 2N uncoupled one-dimensional
harmonic oscillators.
We note that

Iim Wy § = ('-'i(l - -};)5 (22)

B0

as it should be, according to (8).



Furthermore

lim ws,; = (0} + 1B + 1B, (23)
y—0
which is the well-known result for an isotropic oscillator in a magnetic
field.
We are now in a position to solve in a simple way the dynamical problem
involved. Indeed from (19) and (20) we obtain the following equations of

motion
Py = —of ; Xy Xi= Pz,i,
Pyiy = A ¢ Y= Py.i = ) (24)

with solutions:

Pz.4(t) Py icos oy, it — Xijwy, ¢ sin o4 4,

1
X;(t) = Xjcos wy it + P, — SN 4L,
i() i v x, i DL Wi 1 (25)
Py.1(t) = Py,; €0S 0~ ¢t — Yio— i Sin o— 4,
; . LY . .
Yi(t) = Yicos w— it + Py,q sin m— ¢ (0= 1, <5V
W i

where Pz, i, Py.1 and X;, Yy are the initial (for / 0) momenta and coordi-
nates.
The treatment given above, holds both classically and quantum-mechani-
cally, if one replaces in the latter case the classical momenta and coordinates
by the corresponding quantum-mechanical operators. For the quantum-
mechanical case, however, it is useful in view of the statistical analysis of
section 4, to introduce boson creation- and annihilation-operators:

+ [’_r‘v,' = im,_,'.\',' I)I it l(n. \'i
(7 2 Y ) A i == = e
4 (2w, i) (2}1(!) v
(i=1,..,N) (26)
' 1),,_,' 1 iu)__,'yi P v 6 - ,'Y;
a_ ; = 5 a— i — —
; (2hw—, 1) (2/10) )}

satisfying the commutation relations:

[ai,s, ut .i] = 044, (27)
(@44, =53] = [a} s, a-5] =0 for all 7 and 7.

In terms of these operators we may now write the Hamiltonian as

H, = H} + Hf.




H} = (a! ;a4 + }) iy, 4 (28)
and
He = (ui',-a__g + %) Ao ;. (29)

The equations of motion are:

1
2 § L 1 t 33 t
a; = P L]I, ay il =104 4@ 4
(i+_i = [11, (l+'i_:1 = —iw +, @4, 1
h
-t 1 r t 1 : t
al ;=—[H,al ] =10-a_ ;
' i/
as = p [H, a- 4] —1W— G-, ¢ (¢ =l V), (30)
{

with solutions

a 4 = al L exp iwy, i,
t) = a4, ¢ exp —iwq, i,
2., i(?) ‘ k i €X] D+, ¢ (31)
"_ i(t) = al ;expio- i,
a—,i(t) = a— ¢ exp —iow_, .

3. The constants of the motion. Let us now study in somewhat more detail
the behaviour of the constants of the motion of the system, expressed in
terms of the coordinate and momentum operators of the quasiparticles,
with varying external magnetic field B and “coupling’’ constant y.

In terms of the operators defined by (18) we had found 2N constants of
the motion given by (19) and (20). Inverting the transformations (18) and
(10) and expressing (19) and (20) in terms of the quasiparticle operators, we
obtain

1 = AL+ 4B — el BT+ g ¢

+ Bifci(l — aicq) %ipyi — A ayipai ¢=1..,N), (32

Hy = Bicipi + $A7aix; + YATPY: + 3B (1 — aier)? yf —
—A7axipyi + B (1 — aici) Yipai (0= 1} 5N (33)
where a; and ¢; are given by (12) and (13) and 4§ and Bf by (16) and (17).

From inspection of these last four t-\'prcssions it is seen that all constants,
and therefore (32) and (33), for B # 0 may be expanded in a power series in

9



y. However, the radii of convergence of these series depend on B and vanish
for B tending to zero. Indeed, defining the function 1(y) to be
Tt £20 3
) - X 4
7 O b == 0 ( )
one obtains, by taking the limit B — 0 of the coefficients in (32) and (33),
for the constants of the motion the following expressions

= {5 + (1 + ) #} + LI} + 0fy]) — (Ba + 0ix])} —
—4 1(y) (v){L,' (=155 AY), (35)
Hi = }py + oi(1 — ) 93} + IOH{(% + 0ix)) — (B + o7¥})} -
+ } 1(y) oiLs (i =1,...N), (36)
where
Li = xipyi — YiPai (37)

is the angular momentum of the 7th quasiparticle. Thus in this limit these
constants are not analytic in y. In particular we then have for y 5 0:

Hf = }pk+ ol(1 +7) ) =t N, 58)
Hi = Yp% + 0i(1 — ) 3} (=1,..., ), %9)

which are Hamiltonians for the two normal modes of an anisotropic two-
dimensional oscillator in the absence of a magnetic field.
On the other hand, if y = 0, we find

Hi = }(H; — oly) (G=1,...,N), (40)

H = L(H; + oLy (i=1,..,N), (41)
where

Hy = }(p% + oix}) + 3y + oiyi) (¢ =1, %.,N) (42)

is the Hamiltonian of a two-dimensional isotropic oscillator in the absence
of a magnetic field.

Thus for this value of y and in the limit B — 0, the constants of the motion
(32) and (33) reduce to linear combinations of the Hamiltonian and the
angular momentum of a quasiparticle.

This non-analytic behaviour in y of the constants of the motion is directly
related to the asymptotic behaviour for long times of the autocorrelation
function of the magnetization in the limit B — 0, as we shall show in the next
section.

4. The time-dependent autocorrelation function of the z component of the

magnetization in the canonical ensemble. In this section we shall investi-
gate the time-dependent autocorrelation function R(f) of the z component

10




of the magnetization in the canonical ensemble, defined by

R(?) {<pMM(t)y — <pM>2}, (43)

r

where ¢---> denotes the quantum-mechanical trace and where the density
operator p is defined by
exp —pH ,
—. (44)

‘exp —pBH>
We shall restrict the discussion to the quantum-mechanical case. The
classical results can be found trivially by taking the limit # — 0. In terms of
the original coordinate and momentum operators the magnetization is given

by

N
M = § XY {ria pi — §B(ri-ry)}. (49

i=1
By performing the transformations given by (7), (10), (18) and (26) we may
write M in terms of the boson creation and annihilation operators as
N
M = Y my, (46)
i=1
with

mi = .‘_,(',--52(11,-' —H?)

!

h(2yw; — B2) (04, j0-,3)*
2iBay(1 + »)*
h(2ywf + B2)(w4, 10—, 1)} '
T B —(a_ :—a-)(al ; + a,f,;)';-
G=1,..,N), (47)

where H;” and H; are defined by (28) and (29) and where we have used the
following relations:

A#BF = o} ; (by definition) (21)

AFB; = of (1 — ) (48)

A7 Bf = wi(l + ) (¢ =1, ..., N). (49)
Using now the relation

04,03 = 0 1 — 92 (i=1,...,N) (50)

we may write my; as follows

2ﬂly..'! B2 | —a\t
mi ‘~'.-ﬁt{2(ll,f - H}) + ik ’—”’H : ( /)((lt.iall.,i)((li',' - a—, )

2 A4y
2”",‘.) } I{‘)‘ lr.r-\r}
£t /”2[)) <|;> (@li—a-1)@L ¢+ a ,)}



or, using the commutation relations (27)
my = ci(HF — Hp) + 3ihKq(al ;al ; — asia-9)
! 31/11;( ;B g — ar,.;u’_,-), (52)

where the quantitics K; and L; are defined by

2yw; — B2 (1 —p\! 2vw: 4 B2 S *t

g (zl 2B (1 ! 7’) 2B (] = )1 (53)
e HJ 2.,(0," — B2.{ - y 1 ) 2;,,,,",-’7,. 1,'27 »1 + ll_
| 2B 1+ y 2B =i

(I' —=6 ey 4 (54)

Inserting the solutions of the equations of motion for the boson operators
(31) into (47) we get for M(f) the following expression
N
M(t) = 3 mylt), (55)
i=1
with
mi(t) = ci(Hi — H7) + 3ihK{a! @' ;expi(os,i + o-)t —
— @y ja—, 1 exp —i(ws, ¢ + - )t}
YnLda! a- qexpi(ws,s — o)t —

— u.,faf',- exp —i(ws, i — w— 4) £} (7 USRS, (56)

On the other hand, substituting (55) into (43) we obtain for R(¢):

—
-

R(t) = — L ‘pHI,'))I;(/)V pmid><pnd | (57)

Since H; commutes with m; for ¢ 5= j, we have
<pmpmiy(t) > (pmy exp (1Hjt) my exp (—iHjt))
¢pmgy<p exp (iHjt) m; exp (—iHjt)>
Lpmiy<pmy) (i #1) (58)

so that R(¢) then assumes the following form:

R(t) = g _,\_jl (Cpmami(t)y — (pmd2}. (59)

Inserting now the expressions (56) into (59) we get:

F
R(t z 2 p(HF)2 — 20pHH > + <p(HT)
() = v & [eiicel P p(H})

4 _ ;
+ #2KH<pal at ay ia-, exp —i(wy, 1 + ©0-4) F +

+,1 g




¢ p(l,.,’a-_,‘a: 'itlt D exXp {wy, ¢ + o, 4) L}

;> EXP '—i((')hi — r,r_;,,_,:)l +

L EOT2f st .
t #2Li{Cpa’, ja—, ia4,4@"

'pu,.,:a*,.,u‘,,_,-u -0 expi(wy, s — w-¢) t} —

- 4(‘;-":-\_:/)/‘1,-" »2 — 2{pH >{pH; ) + <pH; »2}], (60)
where we have used the fact that the following traces vanish:
pHial ' pa’, al Hf> =0, (61)
(pHFal a0 = <pal ,a—HF> =0, (62)
pal @l al -y PR (B=18% 4% > =0, (63)
{pa+,ia-,1a} a— ¢ = <pal a- 1a:4a-> =0, (64)
pal @l > = <pal a_ > =0 =1, .., N, (65)
Since furthermore
pH{ H > = <pH} ><pH[ > (F=alst sl (66)
we may write for R(¢)
s
R() =~ B [H(CpH)D — GHIE + (HT)S — pH;>Y +

; 2179 ' ¥ .
+A2K{<pal ot jar,ia,i> exp —i(wi,i + o) ¢+

pay, ia _,‘tl‘, i“l,iu exp (w4, ¢ + w—. ) t}

5 2 + -
/l')],i':“ptl‘, 4= 104 4@’ > exp —1(wy, ¢ w- )t

{pa;, ! _i(lt i@—, 1> eXp i(»u),_,- — -, 1) t}]. (67)
In order to evaluate the remaining traces in the expression (67) we make use
of the following relations:

; élnZ :
plal @y, 1+ 3)) = — ——— } coth {phw.
ophw. & e
(=189, (68)
"P(a'.','“:.i T _‘3)-’ . P("",i‘l‘.i .l:) 8
02In Z ]
T . e (t=1,...,N), (69)
o(Phiws, ;) 4 sinh? {phw. 4

where the last members follow from the explicit form of the partition function
Z for our system:
N 1
Z =<{exp—pHy = [1 — — . (70)
i=1 4 sinh {phw . ; sinh §phio—
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Indeed, also using the commutation relations (27), we obtain from (68):
(pdt .,-tlj*._i(l;.,i[l.__g) == pcl".f',-L'l;'ill:'itl__,-",-
— } (coth {pliw, i — 1)(coth phw— ¢ — 1), (71)

1 t \ +
{pays, iG-, 104 4L > = <p(ay @+,i + N(al a_s+ 1)) =

b

— Y coth §phwy, ¢ + 1)(coth $pliw— ; + 1), (72)

, 4 : ya t ‘
\pLL.,-(l._,,'tlhglli',-ﬁ = {pal @+ 4(al a1+ 1)) -

I

— }(coth }phwy, s — 1)(coth §phow— i + 1), (73)

1 1 + S,
-'p(u',-a,'iu’_.,»a o =<plal jaq,s+ 1) a’ ;a— D

}(coth §phory i + 1)(coth $phm— i — 1) G =1%:N) (74
and from (69):

hzm") ¢
HE — (pHE)S AT i =1, ..., N). 79)
PV AP 4 sinh? §phiw. ¢ ¢ : i

With these results the expression for R(f) finally becomes:
2 '\; f 2 W, ; () )
1\'(,) - L i('. - . ' (- =%
4N i-1 ) sinh? 1fhw4 i sinh? 1ffio—
51\?((,‘()“] Yohaw, i coth 3phw—_ ¢ + 1) cos (w4, + o— ¢) ¢
+ 1K} (coth }phmy, i + coth $pha— 4) isin(w4,i + @) ¢

1L (coth }phwy, ¢ coth $phe— i — 1) cos(ws, i — @ i)

1L?(coth §phey,; — coth §phio— q) isin(wy,¢ — ©-,i) {}. (76)
So far we have only required the interaction matrix £ to be sy mmetric and
to have positive eigenvalues. As we are going to investigate the behaviour
of the system in the limit N — oo, we shall now make more sp(uhc assump-
tions concerning the matrix €. We suppose the elements 2 of £ to be
given by

I
Q= - [(10/(0) expi(j — k) 0, (77)

"

where f(0) is an even positive function so that the elements of the matrix £

are real and have the property that Qs = 2|;—¢|. Furthermore we require

f(0) to be piecewise strictly monutnnic em(l (]lff(l(llll«ﬂ)]t for —n< < T
Let us define the following functions

ws(0) = [3{B2 + 2/(0) + 2(2{/(0)}> + B*f(0) + 1B*)H}], (78)
g:(0) = @4(0) £ 0—(0), (79)
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1 Y i (1 L9\t
(2r1(0) b"—’;(l ) (2r1(0) + B3 5 .’)
6 o e A ) 7 5 . = 4 /
pi GO + B0) T 1B P
( ~ 1 7;1 l ‘ 25 ] .};1 i
{2y/(0) — B%} e . {2y/(0) + B} e
A0) = — : : L (81)

“4GH[0)) + BHj0) + 1B2)
With these definitions we may in the limit N — oo, using the theorem stated
in appendix II, write R(f) in the following form:

2

h2 B2
R(t) =—— | do - - - .
6 ) 4O + BE{f0) + 1B

5 o (())}3 ‘ {w_(0)}2 ‘
sinh? 4 fhw.(0) sinh2 .‘_,_ﬂhm .(/))A .‘

™

h?
T3 do{x(0)}? {coth }phw(0)-coth §pfiw_(0) + 1} cos g (0)¢
r

fi2 [ . "
167 dO{x(0)}> {coth {phw.(0) + coth Lphw_(0)}1 sin g(0)¢
A

5 T6m dO{A(0)}? {coth {phw(0) -coth {pAw_(0) — 1} cos g—(0)¢
B o Y et

e d6{A(0)}2 {coth Lphw(0) — coth 3pho_(0)}1sin g_(0)¢.

= (82)

The behaviour of R(¢) is then completely determined by the choice of f(6).
[ts asymptotic value for { — co can, for the general case, be found with the
theorem of Riemann-Lebesgue:

e he [ B2
lim R(t) = - : I df ————— - ,
s 8r |~ 40P + B0) + 15%)
O I ) TR C) i | -
sinh? }f%w..(0) sinh? {ffim_(0)

In the classical limit this becomes

. a2
lim R(t) = - _’J df — : WY &=
l-»00 4732 v/(0)}2 + BAf(0) + 1B}

(84)




Taking now the limit B — 0 we find for the asymptotic value

2 1
lim limR(@) = I(y) — | d0 ——— >
I;HU t-ro0 ) ) 167 j( sinh? §fA.//(0) (85)

where 1(y) is the function defined by (34).
For the classical case we have

1 l
lim lim R(¢ I(y)—— | d0 - :
i m 20) = 102 | 0 “

We note that by taking first the limit B — 0 in (82) and subsequently the
limit ¢ — oo, one finds again (85) and (86).

The asymptotic behaviour for long times of the correlation function R({)
discussed above, is directly related to the ergodicity properties of the total
magnetization M(f). Indeed, ergodicity of M(t) would imply that the time
average of R(t) is given by:

i
.1 1 e
lim ,[R(I) dt = N p(M(E) — <pM>)%, (87)

T—+c0
0

where M (E) is the microcanonical average of M when the eigenvalue of the
total Hamiltonian H is E. It can be shown that for the present model the
following equality holds in the limit N — oo (¢/f. appendix I1I):

| A€ 1 <p(M — -{p.‘[';ﬂ)(H — {pH>)>>
—— Lp(M(E) — {pM>)2> = - — v 88
3 PUELR) = et =Ty p(H — )% (=
Therefore, for our model M(¢) will be ergodic if, in the limit N — oo
1 (M — <pM>)(H — <pH>)>*
lim 1\’(’) = - WP( — P )( ‘P ,li X (89)

W N p(H — pHY)%
The Lh.s. of (89) has been evaluated above (see (83)). As for the r.h.s. of
this equation we may, with (51) and (75), write it in the form:

1 (p(M — <pM>)(H — {pH>)>?

lim — — —
i GH — )
B
=| — do
2= ) © 22O + BH/0) + 1B
7200 (6 H2w? (0 2
¢ ‘ .7?7(4) '()) ik (! u_(ﬁ) 0 } o
| 4 sinh? 1Bliw4(0) 4 sinh? }pfiw_(0) )_
; “a i 6 2u L 0) —1
<5 [ e T e 3 (90)
e 4 sinh? }pho(0) 4 sinh? }pficw—_(0)
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which satisfies the following inequalities:

1

l ‘10 B
[ZJ 2020 + BXf0O) + 1B3)!

fi2w* (0} hi2w* (0) }:|—’ \

4 sinh? $phw(0) 4 sinh? {phw_(0)

1 )'1'3(1;'-5 (()) #h2 u) ((}) l -1
2n J 4 sinh? §fliw(0) l 4 sinh? ._,p’/z(,,,_(()) j =

o
i
1 . B
do RS T =
[ : f 262 0) + B0) + 1BY)
|
L 4s

2%
3 h2w® h2w* (0 ) S
: ﬂl- ‘ﬁhm (0) " 4 sinh?® ,/Mm (()) ¥
o L) A ) S ) o
27-. 4 sinh? '/ilzm 4 sinh? }phw-(0) |

B2
do 2 e DX
2% 4[y2{f(0)}2 + B2{f(0) + 1B%}

[ 2w (0) ‘ h2w* (()) I

X { - ; . 91
£ 1 4 sinh? ;p’hm.((}) " 4 sinh? ,p’hm (0) f 1)

The last member of this (Schwarz-)inequality is equal to the r.h.s. of (83).
We therefore conclude that in the limit N — oo

| <p(M — pM))(H — pHDD?
limR(f) > A et ) il

> — (92)
feca N \p(H — {pH>)%

It is seen from inspection of the explicit expression for both sides of (92)
that in the general case (B # 0) the Lh.s. is larger than and not equal to
the r.h.s. Thus the ma"mtimtion is in general not ergodic. However, if
B — 0, we have according to (85):

lim lim R(¢) = j
B0 {00 sinh? LA/ f( ()
while the r.h.s. of (92) reduces to
I \114/11 H — (pH>)»2
lim lim — a PEIN— AR 0. (93)
B0 N-soo IV (1[ — <pH>)%>
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Thus we find that, if B — 0 with y 5 0, the magnetization is ergodic. If
B — 0 with y = 0 the magnetization becomes a constant of the motion,
and is not ergodic, in agreement with the above result.

In this connection we may mention that a lower bound can be found for
time-averaged autocorrelation functions in terms of ensemble averages in-
volving the constants of the motion of the system. The general inequality
established by Mazur$), reads in our case

7
lim ;J‘R(t) dt > L 2 -<—pA(—M Al <.'PH?))/2
Tsoo 1 N ¢=1,..N p(HY — <pHPH)®

0 [ S P e

(94)

where the Hf (i =1, ..., N; « = -}, —) are the constants of the motion
given by (28) and (29). It can be shown that in general (B # 0) the r.h.s.
of (94) is larger than the r.h.s. of (88), so that the non-ergodicity of the
magnetization in this case may already be inferred from the above ine-
quality which is obtained without explicitly solving the dynamics of the
system. However, in the limit B — 0, the r.h.s. of (94) behaves differently
for the cases y = 0 and y + 0, due to the non-analytic behaviour in y of
the constants of the motion in the limit B — 0, and reduces in fact for the
infinite system to the r.h.s. of (85). Thusin the case B —0 y # 0, ergodicity of
M is not excluded by the inequality (94). We may therefore conclude that
there is an intimate relation between the possibility for ergodic behaviour
of the magnetization and the non-analytic character of the invariants Hy.

5. Conclusions. In a recent article Niemeijer?) studies the dynamics and
statistics of the so called X-Y model for spins § as a soluble model for
paramagnetic relaxation. He computes the autocorrelation function for the
magnetization in this model and shows that for £ — oo this function relaxes
to a nonzero asymptotic value. He also finds that there is no value of the
“anisotropy’’ parameter y in this model, for which the correlation function
becomes exponential in time, so that no “weak-coupling limit”’ in the con-
ventional sense exists. Mazur has shown$®) that the asymptotic value
reached by the correlation function in the X-Y model is not the thermo-
dynamically expected value for the autocorrelation function of the magnet-
ization, but is restricted to a higher value by the invariants of the system:
the magnetization is not an ergodic function in this model.

In this chapter we studied, as it were, a soluble model for diamagnetic
relaxation. We have seen that the magnetization is also in our model in
general not an ergodic function, but that it does become one when the
static magnetic field B tends to zero. We have pointed out that this ergodic
behaviour is connected with the non-analytic nature in y of the invariants
in the limit B — 0 (In fact in our model the 2N non-analytic invariants
may be linearly combined to yield N analytic invariants, the energies of
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the quasiparticles; however, the remaining N invariants are essentially non-

analytic functions in p). In this connection we may point out that in the

X-Y model the invariants expressed in terms of the original operators re-

main analytic functions in the “coupling” parameter y for all values of the

static field B. Balescu$8) has derived for oscillator systems conditions neces-
sary to insure that these admit no invariants analytic in the coupling
constant (special case of Poincaré’s theorem). These conditions are obvi-
ously satisfied in our case for a quasiparticle (with B = 0) but not in the
X-Y model.
Finally we wish to make three remarks:

1. It should be noted that whereas the XY model reduces to a fermion-
problem the analogous problem treated here is a bosonproblem.

2. The treatment in this chapter has been restricted to linear chains of two-
dimensional coupled oscillators, but could easily be extended to simple
two-dimensional or three-dimensional arrays of these oscillators.

3. It turns out, from inspection of the expression (82) for the correlation
function R({), that even in our model and in the limit B — 0, no weak
coupling limit (y =0, ¢t — oco; y% finite) exists for the correlation
function R(f). Indeed, if we consider for simplicity’s sake the classical
case, we find that, for B — 0, R(t) reduces to (¢f. eqs. (78)-(82)):

1 1 1 1
R(t) =- v.;J‘d() —[ — — — = ] X
8rf® f0) L1 —»2 V1 — p2

X cos{\’//((l)(\w/l + ¥ il y) i} +

% cos{NHO(V1 +y — 1 —p) 8. (95)

Thus ergodicity in itself of a dynamical function is not sufficient to ensure
the existence of a weak-coupling limit as is customarily assumed for more
complicated systems. It would be worthwhile to analyze in more detail
under which conditions weak coupling limits do or do not exist. Note,
for instance, that the momentum autocorrelation function for a heavy
particle in a linear chain of coupled harmonic oscillators does admit a
weak coupling limit (the square root of the inverse of the mass ratio M
plays the role of coupling constant).

In chapter 11 we shall apply the results of this chapter to study the
behaviour of our model under the influence of time-dependent external
magnetic fields and thus obtain information about the frequency-dependent
magnetic susceptibility.
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APPENDIX I

In this appendix we shall derive the expressions for a;, ¢;, AF and Bf
given by (12), (13), (16) and (17) in section 2.
Substituting (10) into (9), H; becomes (dropping the index 1):

H = }P.-U.P 4+ IR-V-R + 1R-W.P, (I.1)
where U, V and W are 2 x 2 matrices given by

U = {(1 —ac)2+ c3(w? + B2} 1 — {¢(1 — ac) B + 2yw?} o?, (I.2)

V = (a® + w2+ 1B2) 1+ (yw? —aB) o?, (I.3)

W = {2a(] — ac) — 2c(w? + }B?)} 6% —i{(1 — 2ac) B + 2cyw?} ov. (1.4)

As we want H to become a sum of Hamiltonians for two independent one-
dimensional oscillators we expect U, V and W to satisfy the following
conditions:

Uap = Aadap (x, B = x,9), (1.5)
Vag = Badas (o, p =%, %), (1.6)
Wasg =0 for all « and g (x, B = %, 9). (1.7)

From (I.2) and (I.3) it is clear that U and V are diagonal 2 x 2 matrices,
so the conditions (I.5) and (I.6) are already satisfied for all values of a
and ¢. In order to make W satisfy condition (I.7) the coefficients of the
independent 2 X 2 matrices 6* and e¥ must be equal to zero. Therefore a
and ¢ have to obey the following relations:

2a(1 — ac) — 2¢(w? + 1B2) = 0, (1.8)
(I — 2ac) B + 2cyw? = 0, (1.9)

which yield for @ and ¢:

yo? — [y20t + B2(w? + }B?)t

a= —_——,

B

—B
T 2yt + B2(w? + 1B
The other set of solutions for (1.8) and (1.9) given by

‘}’(l)2 e [“/:"'(1)"l -+ [32((1)2 + llfl”‘
B

a= -

B

&= 2[y%wt + B2(w? + }B2))F




must be rejected, since this set does not exist in the limit B — 0 and
y > 0. In this limit (I.10) and (I.11) both reduce to zero so that the transfor-
mation (10) reduces to the identity transformation.

Substituting now (I.10) and (I.11) into (I.2) and (I.3) we find

 2[y%0t + B0 + }BY)

¥ + 2yw® + B2
e (L.12)

Ax=U, = — —
v 4[y20% + B2(w?® + }B2)]}
and
I :
Bt =V, = B2 {29204 + 2B%(0? + }B2?) —
vy
— (2yw?® F B?)[y20* + B2%(w? + }B2)]i. (I1.13)

APPENDIX II

In this appendix we state the theorem that we have used in section 4 in
order to replace the summation in (76) over discrete indices by the integral
in (82) over a continuous parameter, in the limit N — oco.

T heorem
If f(6) is a real-valued Lebesgue integrable function whose Fourier coef-
ficients are given by the elements of the N x N Toeplitz matrix &, i.e.

f(]f) f(0) expi(j — &) 0 (I1.1)

(= L AN Ry ey 1Y)y

i

if furthermore AN (v = 1, ..., N) are the eigenvalues of the matrix , and
if F(2) is a continuous function, we have

N ;(}(A\')

1 M)
lim ¥ — J *2__JI”/'(())'(10. (11.2)

N—cov=1 N
The above theorem can be found in the monograph of Grenander and
Szegd on Toeplitz forms?).
APPENDIX III
In this appendix we shall derive that eq. (88) of the main text holds
in the limit N — oco. We consider the variables H (= total energy of the

system) and M4 (= diagonal part of the magnetization in the represen-
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tation in which the operators nax = aliasr (0= 4; k=1,..,n) are di-
agonal), which are sums of N independent, canonically distributed stochastic
variables:
N N
H=S Hi= Y (nf + }) hos o+ (0 + }) ho-5 (IIL.1)

i=1 i=1

N N
Ma= 3 Ma= 3 ef(nf + 1) hior,e — (07 + 3) ho—4). (I11.2)

i=

Next we introduce new sumvariables H and M4 which are each sums of
normalized independent stochastic variables:

N .
H= 3 H; (I11.3)
i=1

and
. ‘\. ~
Mg= Y Ma, (I11.4)
i=1
where H; and M y; are defined as:
H; — <pHp>
(o oA R o,
o, NN*

and
sl

Mgy - =
om, yNt

The quantities o,y and oy, y are given by:

OH,N = JJA :._‘ p(Hi — <pHp)? }-E
i LN =1 a2t

and

foi \
r=d— 3 p(Mai — <pMapd)® ¢ . (111.8)
OM, N B p(Mgq pMap>) { (I111.8)

The joint distribution function of the variables H and M4 is defined by

{8 =X, lqg=T) = <pd(H — X)6(Mq — Y =

] o0 400 ; 1 ;
= 22 J- J(ll dsexp(—iXt—1iYs)<p exp(ift + i 4s)>.  (ITL9)

—00 —00

The logarithm of the trace in the last member of (II1.9) can be developed
in a power series in ¢ and s in the following way:
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Y <(exp(—pHj) exp(iH;t + iM 4s)>

(pexp(ilt + iMgs)> = ¥ 1 : - .=
In <p exp(i 1M gs) 2 n <exp(—BH
2 1 H; H;; 2
2 In -[l — i LR, — -
i=1 l 2 (7,,“\ N
- p(l[l — jp[{', _)(J{(U p.‘[}]J)\ 7{.\‘” »
GH,NOM, N N
alh I p(Ma; — = <pMay’ ) \3 L@ _»_41 £ [
2 ‘711..\ N N,/N /(
|
2 Bis — 152 4 (“(~ ) (ILL10)
* - /N
where

gL 5 SplH;— <pHp)(Mas — <pMap)>

- 0<B<1). (IIL11)
N j=1 OH,NOM,N

Thus for large N the joint distribution function becomes Gaussian :

100 oo

j j(l/(ls(\[) -iX¢ i Ys) exp{ 5(2 + 2Bts + s2%)}

- 00

:/o

/(X

(X2 — 2BXY + 17?

= (27T — B2 -1lex < I11.12)
(27 )~ exp 20 — BY) ( )
Following the argument of the appendix of ref. 6 we finally have as N —» co:
~ . M52
oM (B = B)y = 27877 (I11.13)
p” :
or:
1 = 1 1 <p(Ma — <pMa>)(H — <pH>)»2
- SMAE) — M3y = SEVEA PRt =D
N N {p(H {pH )2y
(TI1.14)
or (as N — c0):
1 <p(M M>)(H — <pH>
PI(E) — (pM3)2> — bt ool PED®  tin1s)

N p(H — <pH>)2;

since the non-diagonal part of M does not contribute to the traces on both
sides of this formula, which is just eq. (88) of the main text.
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CHAPTER [1

THEORY OF DIAMAGNETIC RELAXATION IN
HARMONIC OSCILLATOR ASSEMBLIES

Synopsis

A linear response theory for simple diamagnetic systems in a time-dependent
magnetic field is presented. It is shown that the average magnetization consists of
two components, one following the magnetic field instantaneously, and a second one
involving an after-effect function and giving rise to relaxation. Expressions are given
for the isothermal, adiabatic, isolated and frequency-dependent susceptibilities per
particle for diamagnetic systems. Inequalities between the various susceptibilities are
derived. The various relevant quantities are calculated for the case of a linear chain of
charged anisotropically coupled two-dimensional harmonic oscillators in a time-
dependent magnetic field.

1. Introduction. In chapter 11)t we solved the dynamical problem of
a linear chain of charged anisotropically coupled two-dimensional harmonic
oscillators in a constant magnetic field B. We also studied the autocorrelation
function of the magnetization in this system, in particular its asymptotic
behaviour for long times. In this chapter we shall investigate the behaviour
of the system considered in the presence of a small additional time-dependent
magnetic field. To this end we first develop in section 2 a linear response
theory for the magnetization, in simple diamagnetic systems, to a time-
dependent electromagnetic field. Whereas in the conventional linear
response theory one usually deals with dynamical functions which do not
explicitly depend on time, the magnetization in diamagnetic systems is a
function of the canonical variables and of time through the electromagnetic
field. As a result we find in this case that in contradistinction to the para-
magnetic case, the average magnetization has a component which follows
the magnetic field instantaneously, and a second component involving an
after-effect function and giving rise to relaxation. As discussed in section 6
this second component becomes relatively less and less important at very
low temperatures. This is the reason why the electronic diamagnetism of
molecules follows the field, so to speak, instantaneously. However, inter-

t Equations and sections of chapter I, referred to in this chapter, will be preceded by
the prefix 1.
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molecular interactions may give rise to a small time lag. On the other hand
at very high temperatures both contributions to the average magnetization
are of the same order of magnitude.

We show in section 3 that in the situation in which the system is in
thermal equilibrium for times ¢ < 0 with respect to a magnetic field B +- b,
and in which the field b is (unrealistically) thought to be switched off at
! — 0, the average magnetization first increases discontinuously at £ = 0,
and then has for £ > 0 a continuous time-dependent behaviour described
by the relaxation function. In particular this implies for a classical system
that the magnetization whichis initially zero according to Miss van Leeuwen’s
theorem 2), jumps to a positive value at £ = 0, before decreasing again. We
give a formal expression for the relaxation function.

In section 4 formal expressions are derived for the isothermal, adiabatic
and isolated susceptibilities per article. It is shown that they obey the
same inequalities as the corresponding paramagnetic susceptibilities.
Special cases, i.e. when the system is a classical one and/or ergodic, are
considered. We also discuss in this section the frequency-dependent sus-
ceptibility per article y(w), whose asymptotic value for m—co is related to
the jump in the relaxation function.

Finally in section 5 we calculate the various quantities and functions
considered in sections 2-4 for the system investigated in chapter I, and discuss
their behaviour also in the light of the results obtained previously for the
autocorrelation function of the magnetization.

2. Lineair response theory for simple diamagnetic systems in a time-dependent
external magnetic field. We consider a system of N interacting identical
particles (charge ¢) moving with respect to fixed centers of force (charge —e).
The system is subjected to a constant homogeneous external magnetic field
B; and a small time-dependent external electromagnetic field, characterized
by the vector potential a(r, ?) and the scalar potential ¢(r, ¢). The hamil-
tonian of the system is given byt
: = y e ; € 12
H= Y —{pi——Bi1X (Ri+ 1)) —— a(Ri+1i,1);
i=1 2m | 2¢ ¢ f

N
+e Y p(Ry+ 1y, f) + U(rN). (1)

i=1

Here R; is the position vector of the center of force of the ith particle, and
r; and p; are the displacement and momentum vector operators of the ith
particle. U(rV) is the sum of the potential energy of interaction and the
potential energy of the particles with respect to their fixed centers of force;
m is the mass of a particle, and ¢ is the velocity of light.

t We use rationalized gaussian units.
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The operator for the total magnetization of the system is given by

M(r.\f’ p.\' : t)

N
4 e e
: \._4'{'}‘)( Ppi— —Bix (R +r;) — —a(R; + 13, 1) z(2)

2mec i ul 2c c J
The explicit time dependence in M refers to the terms on the r.h.s. of (2)
involving a(R; + 1, ) (i = 1, ..., N). Performing the canonical trans-
formation

pi=pi— — Bi X R,
2¢

’

ry =14y,

(i=1,..., N), ()

we obtain for the hamiltonian (omitting the primes)

N o ” . 2
H= X - i— By x ri——a(R;+ ry, ¢
i=1 2m I:P 2¢ % ¢ ( i )]
N
- € S (/(Ri - 1y, /) *{- ((r‘) (4)
i=1

and for the total magnetization
M(rN, pN; i)
.
e & e e
v | ‘ l
— — 2t X | pi— —Bixri——a(R;+ 1, t) | 5
2Mmce i=1 l : l:p‘ 2¢ : 3 ¢ (R * ):If (°)

We may rewrite the hamiltonian as follows:

N 1 ’ 2
H= 3 (Pi = :; B; x r,-> + U(rN)
-

=1 2m
2y B (R t
—— - 2 j — - - r: l-a i = = i
2MC i=1 Pi 2¢ : g - 1)
© S (Rt 1yt 8
——— X a(Re+ 1o, 0)+{ p1 — — i
2me i=1 10 )| P 2¢ LS
N
+ e X (/(Ri + 1y [) t 07(03). (6)
i=1

Taking a gauge in which
diva = 0, (7)

we obtain to first order in a and ¢:

(4 < 2
H=Hpg — —.\_:I (p,- 2((3- B, x fi>-(l(R,' + 1y, 1)
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where

N 2y ) - U(rY) 9
= ' —— By X r;) + U(rd).
B 2m P T 5 )
We define the current-density operator jg (r) in the absence of the external
time-dependent electromagnetic field as

N

Ja.(r) = X de{(Fo)s, O(Ri + i — 1) + 6(Ri + ri — 7)(Fi)p,} (10)

i=1
and the charge-density operator pe(r) as

N
pelr) = 3 [ed(Ry + 1 — 1) — ed(Ry — 1)]. (1)

e
i=1

We may then express the hamiltonian as

H=Hyg — v]‘ J‘drj,,(r)-a(r, t) + J‘drpg(r) @(r, t), (12)
( Vv vV
where V is a volume enclosing the system.

We now suppose the system to be in thermal equilibrium at { = —oo in
the presence of the static external magnetic field B;. We shall investigate
the linear response of the average magnetization to a small external electro-
magnetic field, characterized by the vector potential a(r, f) and the scalar
potential ¢(r,#) with a(r, —co) = g(r, —oo) = 0. In fact we shall first
derive an expression linear in a(r, £) and g(r, ¢) and, making use also of the
multipole expansions for jg,(r) and pe(r), convert this expression into a
response formula with terms linear in the magnetic field b(r,?) and the
electric field e(r, ¢) with

b(r,?) =V, x a(r, 1), (13)
e(r,t) = — j d(r, t) — V,p(r, ). (14)

From eq. (5) it follows that the average magnetization at time ¢ is given by
M(f) = /,p([) M([) = (p([) M,"‘, - '.”p([) M](/)"‘, (15)

where p(t) is the normalized density operator at time ¢, and where brackets
denote quantum-mechanical traces; My, is the magnetization operator 1n
the absence of the time-dependent electromagnetic field

N .
MB: = : > riX\|ps— : By X rg), (]6)
2me =1 2¢
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and the operator Mi(t) is given by

) N

M) = — —— 2 rix a(R; + ri, t). (17)
2me? i=1
Note that from eq. (17) it follows that the second term in the last member
of eq. (15) itself is linear in a.
With the form of the hamiltonian given in eq. (12) we can evaluate by
standard methods® 4) the first term in the last member of eq. (15) to first
order in @ and ¢, and obtain

<plt) My,> = <pgMsg,>

oo

[ r
— _/‘—J drj(lr/M,l(-r)[jBl(r), pe>-a(r,t — 7)

17i¢

0 V

1 g :
= I(ITJ dr{Mg (7)[pe(r), ps,)> @(r,t — 7). (18)

17

0 V

For the second term in the last member of eq. (15) we get to first order in a:

$plt) Mi(t)y = <ps,Ma(t)>. (19)
The operator pg, appearing in eqgs. (18) and (19) is defined as

ps, = p(—o0) = exp(—pHpy,)/{exp(—fHy,)> (B = 1[RT). (20)
We now make use of the well-known multipole expansions of jg (r) and pe(r)
up to second-order terms:

Js,(r) = p(r) — V,+q(r) + cV, x my(r) (21)
and

pelt) = — V.- [p(r) — V,q(r)], (22)
where p(r), q(r) and my(r) are the electric dipole moment, quadrupole
moment and magnetic dipole moment density operators, respectively:

v

pir)=e¢ 3 rd(R; — 1), (23)
i=1
e N
q(r) 5 '}jl ririo(R; — r), (24)
e N
my (r) = 5 X riXx (f)s0(Ry — 7). (25)
C i=1

One is justified in neglecting the higher-order terms in the multipole ex-
pansions, if the fields a(r, ¢) and ¢(r, ¢) do not vary too fast over the average
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displacements of the particles from their centers of force. In the same order
of approximation we expand in eq. (19) [see also eq. (17)] the vector potential
a(R; + r;, t) as follows

a(R; + ri, t) = a(Ry, t) + (ri-Vyg) a(Ry, ). (26)

Inserting eqs. (21) and (22) into eq. (18) and eq. (26) into eq. (19) we obtain
after some straightforward calculations (given in detail in appendix I) the
following expression for the average magnetization in terms of the fields
b(r, t) and e(r, ?)

g2ty

M(t) = <pg,Mp,> — — % <pgfrix [b(Ry, t) x ri]p
dmce? -1

f

oo i
_deJ drj‘d).[A( (My (v + iid) p,lm,l(r)j»]-b(r,/——r)
0 V

oT

0

o0

J dTJ‘('lr"PBx:MB,:P(’- —7) — V,oq(r, —7)]>-e(r, ¢ — 7).(27)

0 vV

1

T

We shall assume the magnetic field to be sufficiently homogeneous over
the dimensions of the system, and restrict our considerations to the response
of M(?) to the magnetic component b(f) of the electromagnetic field alone*.
Furthermore we suppose the static field B; and the time-dependent field
b(¢) (with magnitudes By and b(t), respectively) to be directed along the
z axis, and restrict the analysis to the z component of the magnetization,
which will be denoted by M and referred to as the “magnetization”. Inte-
grating the third term on the r.h.s. of eq. (27) over r, we then obtain

o e J R
AM(t) = M(t) — <ppMp, — — > <pp,(%; + yi)> b(?)
4dmes i=1

co 8
~f(1fjdz[ 2 pn.Mp M (r 4 i/,;.)a] bt — 7).
P
0 0

Taking e, » and ¢ to be equal to unity and defining the quantity Q as

+y8), (29)

t For the harmonic-oscillator model studied in section 5 it can be shown that the
term in eq. (27) characterizing the response of M(f) to e(r, f) vanishes if the contri-
bution arising from the quadrupole moment is neglected.
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formula (28) may be written as

AM(t) = <pB,Q> b(?)

oo g

— J(lTJ(U[ :‘-- «’p[,'rulgl;‘[u‘(‘r 1 lfl/:)»:l /)(/ — T). 30)
or

0 0
It thus appears that the average magnetization has two time-dependent
contributions, one following the magnetic field instantaneously and a second
one involving an after-effect function.

3. The relaxation function. In this section we shall evaluate the relaxation
function of the magnetization. To this end we suppose the system to be
initially in thermal equilibrium with respect to an applied magnetic field
By =B+ b(B>0,b>0). At { = 0 the small magnetic field b is thought
to be switched off suddenly t. We now define a function ¢(#) as follows:

1 .‘7[ movd ‘11 N
p(t) = lim ( () ‘oM p>) :

31
b0 N b ( )

For t < 0 ¢(f) represents the isothermal static magnetic susceptibility per
particle yp(B):
1 (ppioMpivy — {pMp)) 1 8<ppMp>

yr(B) = lim—— — ; 32

x7(B) o 2 N B . (32)
while for £ > 0 ¢(f) is the relaxation function of the magnetization per
particle. Thus in order to calculate ¢(f) we have to evaluate M(t) — <{ppMp>
up to first order in b. Eq. (30) gives an expression for M (t) to first order in
b(t) for an arbitrary time dependence of the magnetic field B(f) = By + b())
with b(—oo) = 0. The specific time dependence of B({) for our case is

B(t) = B + b + b(¥), (33)
with
0 for t<0
b(t) = ; 34
h(t) [—1) for £ > 0. )

Inserting eq. (33) into eq. (30), we obtain the following expression for M(t)
[linear in b(?)]:

j_[_(l) = {ppibM B> + i’p“;,,()‘ b(t)

oo B

=2 f(lrj(‘ll [: <ppsoM pioM pio(7 - ilt/'-)"?] b(t — 7). (35)
cT
0 0

t It is by no means implied here that the instanteneous switching off of the field
b(t) can indeed be realized. We only introduce such an unphysical time dependence
of b(t) as a formal way to define the relaxation function, which characterizes also the
response of M(¢) in more realistic situations (¢f. section 4).
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Using also (34), we have in particular, if # < 0
M(t) = <pp+oMpiv>,
and if £ >0

M(l) = <ppsoMpip> — bipp+oQ>
t ]

~

B bJ (ITJ di ;:— (pB,b.‘U]g,bA‘[[;,[,(T - lfI/..)/ (37)

=
0 0
Performing the integration over 7 in the last term of the r.h.s. of eq. (37), we

obtain
g

4‘7([) = {pp+oMpip> — b<pppQ> + b I (l).{-(p[g oM gioMpip(t + 1A2)>

— ~'.lpl;.b“[[;;',.“[[pb(iﬁ/..),)} (/ > O) (38)

In view of the definition of ¢(f) we have to linearize the traces on the r.h.s.
of (36) and (38) with respect to b.
First we replace Mpg.p by [¢f. eqs. (16) and (29)]

Mgy = Mp + b(). (39)

Next we expand ppp to first order in b:
p " vy
PB+b = PBU + b j (]/.{_J[[g(—lﬁ/.) - (p,;;‘[;;\_}],. (40)
0
Inserting (39) into (36) and (38), and subsequently expanding pp4p according
to (40), we get, neglecting all terms involving 2nd and higher orders in b,
the following expressions for M(t):
g

1‘7([) = \p[g.‘[];“- b j (1}’ -'\p“‘”/,v.Ul}(ifI/..) P 4'p1,v.‘[1; -’-l -+ /)fp];()"‘v
(

)

(t<0), (41)
7
)[(I) = \/p/g;‘llg > b j (‘l/..‘fr<'p/;J[[g.”];(i/I;.) ) — {p[;J[]g,ZI}
1]

B
F b [ dA[<ppMpMp(t + ihA)> — <ppMpMp(iil)y]  (t>0). (42)
0

Thus in view of the definition (31), we can finally express ¢(f) as follows:
B
1 1 ; . g1 _
N {pB()> - N dA[<ppM pM g(ihA)) — <ppM B>?] (t < 0),
0 (43)

B
1 >
= f dA[<peMpMp(t + i%2)> — <peMp>?] (¢t > 0). (44)

0




For the classical case we have instead of (43) and (44):

1 . 2 5
- P80 + o (oMY — oMY (< 0), (45)
plt) = 8
N L(p,;.»"[[g“][;(l)/ — ‘-’._pBA‘II;'nz;I (¢ > 0), (46)
1

where pp, ) and Mp are the classical analogues of the operators defined in
section 2, and where the brackets now denote integration over phase space.
Since for classical systems in thermal equilibrium the average magnetization
is zero at any value of the applied magnetic field (according to Miss van
Leeuwen’s theorem?2)), i.e., since

{pp+vMpiv> = <ppMp> = 0, (47)

we have furthermore

) 0 (t<0), (48)
. M)
lim—— = ¢(t) = B
bso IND N {ppM M 5(t)> (¢ > 0). (49)

The result (48) can also easily be found directly from eq. (45). A very
remarkable feature of diamagnetic relaxation is the discontinuity of ¢(f):

L - 1
Ap =limg(t) —limg(t) = — — <ppQ>. (50)
%o 140 N
With eq. (29) it follows that the last member of (50) is always positive (both
in the classical and the quantum-mechanical case). This discontinuity is
characteristic of diamagnetic relaxation.

4. Isothermal, adiabatic, isolated and [requency-dependent susceptibilities
for diamagnetic systems. a) The isothermal susce ptibility xp. In
section 3 we have already defined the isothermal susceptibility per particle
xr for diamagnetic systems:
1 ;‘{p],u‘[lg‘.-

‘/,’I'(B) = -—

N g = fori<o. (S1)

As we have seen in section 3 [¢f. eq. (48)] we find for the classical case

xr(B) = g(t <0) =0 (52)
and for the quantum-mechanical case [¢f. eq. (43)]
B
1
ZT(B) = ‘\7_ \p”() ) —+~f(l;. R(l’l/..). (53)
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where R(z) is the autocorrelation function of the magnetization
1
R(;’) == 7\7 ((p[;ﬂ[{g;‘][g(z)} — <:p];1‘[13]2). (54)
i

b) The adiabatic susceptibility g, The adiabatic susceptibility

per particle ys is given by (cf. appendix II and ref. 5)
B <ppAMAH>? _

— As = — — =0, 55

AT = 8= TN T op(AH)D (55)

where AH = H — <pgH» and AM = Mg — {pgMp). In the classical case

we have, since M is an odd and H is an even function of the velocities 7,

instead of (55) the following equality:

B (peAMAH}?

e = 0. 56
AN T ep(AH)D 2

Therefore, since yp is zero in this case, the adiabatic susceptibility will also
vanish for a classical system.

¢) The isolated susceptibility yis. In order to obtain an expression
for the isolated susceptibility per particle yjs we first rewrite eq. (30) as
follows (with B; = B):

I} et e
—AM(t) =— [M(t) — <ppMp>]
7 AM(H) == 1M — <ppp)]

1 de
7 <ppQ> b(t) — | dr bt — 7). (57)

dr
0

Here we also used eq. (44) defining the relaxation function ¢. Suppose now
that b(f) has the following form:

0 i< —T, -
oY) = | 1 3t 58
= -I'sit<O0. (58)
1
Then (57) reduces for —7 = ¢ = 0 to:
)
ARl 1 , T~if/ ][T»ll-—-r dg ,
My(t) = — < - h — ¢
) == APl 3 GRS e
0 =
1 ) 'l‘—+~ll © '[‘-/l b (" a
— ¢ \ =1 (O — ) — 0 C
N g0 T ) -+ @(0F) T T p(7) dr
e 0
b T+t b [
— 1\) Yt ¢(07) — ; J ¢(7) dr, (59)
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where we also have used eq. (50). The isolated susceptibility per particle
is now definedf as

1 =
zis = lim lim —- AM7(0). (60)
T'—sco bl 4VO
It follows therefore with eq. (59) that
7 7
1 1
zis = @(07) — lim T qu (¢) di = yp — lim T J’/ (¢) d¢, (61)

1-»co T'—»c0
0 0

where z7 is the isothermal susceptibility [¢f. eq. (51)]. It can be shown that
the following relation holds [¢f. appendix II1]:
‘s s
1+ 1
lim IJ @(f) dt = g lim T ~[vl\’([) dé. (62)

100 1'-»00
1] 0

Furthermore it has been shown by Mazur®) that the following inequality
holds quite generally:

7

T by e e i (63)
m 7 | MO et &

1" o0
0

When the magnetization is an ergodic function, the first inequality becomes
an equality in the limit of an infinite system. In view of egs. (55), (61), (62)
and (63) we obtain the following inequalities:

AT = As = Yis- (64)
In the classical case this reduces to [¢f. eqs. (52) and (56)]:

0= 1= 2= yis (65)
If the magnetization is an ergodic function, we have

AT = %s = Liss (66)

and for a classical ergodic system

0= yr = %s = fis (67)

t Many authors define the isolated susceptibility per particle 75 by choosing
b(t) = be#, ( =0, e > 0) and writing Fis = lim,_,q limy_,q (1/Nb) 4M,(0). One easily
verifies, using the fact that ¢(f) is a relaxation function, that 7is 1s identical with
zis defined by (59) and (60). Note also that, when lim,_ ., @(t) exists, yis is simply
Xis = xr — limyg .o @(2). (61a)
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In addition to (64) we expect for a diamagnetic system the inequality
xr =0,

to hold. We note that according to eq. (53) xz consists of two contributions
of which the first one is negative and the second one positive.

It is easy to show that in the limit § — co for zero magnetic field the
second contribution vanishes for a rotationally invariant hamiltonian. yzr
is then given by the conventional expression for the ground-state suscepti-
bility

1 ; . o st. 1 ‘: st
xr-00) = — Y (e (* + ¥i) S = £ . (68)
Note that as a consequence of this value for y,_o = ¢(¢ < 0), which also
implies that y7 is nowsimply equalto —Ag, ¢(0) and therefore also ¢(f > 0)
vanish. Therefore in this limit there is no relaxation at all and the magnet-
ization follows the field instantaneously.

On the other hand Van Vleck?) has given an expression for yy for the
case of free electrons at arbitrary temperatures, which is indeed negative.
For the case of a harmonic oscillator assembly with a hamiltonian which
is not rotationally invariant, as considered in section 5, we again find that
1 is negative as expected. We have not been able to establish in general
from expression (53), that yp must always be negative.

d) The frequency-dependent susceptibility %(w). The frequency-
dependent susceptibility per particle y(w) is found by Fourier inversion of
(57). This leads to:

1

- AM(w) = y(@) b(), (69)

where AM (w) is given by

AT (o) = | dt elotA T (),

and b(w) by
blw) = j dt elot b(t),

and where y(w) is

0o

1 d
1lw) = N {pBQ> — J(]T el d('lr : (72)
0

We note that the real part y'(w) of z(w) contains a constant (negative) term,
which is just minus the jump in the function ¢(f). It can be shown that for
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a large class of functions ¢ the second term on the r.h.s. of (72) vanishes in
the limit @ — oo. In this case (¢f. also the example in section 5):

lim y(w) = lim (o) = { p(Q> = —Ag. (73)
o0 w200 N
The expression eq. (30) [or eq. (57)] for M(f) contains a term following the
magnetic field instantaneously. We have seen that this term gives rise to
the jump in ¢. Here we find that it is just this same term which, for a large
class of functions g, is responsible for the non-vanishing asymptotic value
of %(w) in the limit @ —oo. On the other hand we obtain in the limit w — 0:

oo

1 do
%(0) = pp(Q> — | d
#(0) = — <p? j it
0
= @(07) — @(0*) — lim ¢(¢) + @(0F) = g — lim ¢(?). (74)
{-»c0 ]

Comparing with (6la) we see that y(0) exists and is identical with y;s,
whenever lim, . () exists (¢/. also ref. 4). It should be mentioned that the
real and imaginary parts of the complex function y(w) — N-1 {pg(Q) satisfy
Kramers-Kronig dispersion relations, as follows from conventional con-
siderations. Furthermore eq. (72) together with the explicit expression for
@(¢) ensures that the imaginary part y"(w) of y(w) is non-negative for w > 0
and describes therefore absorption.

5. Diamagnetic relaxation in harmonic oscillator assemblies. We shall now
apply the theory developed in the previous sections to the system con-
sidered in chapter I. This system consists of a linear chain of N charged
anisotropically coupled two-dimensional oscillators in a magnetic field.

The hamiltonian of this system is given byt

N N
H=7% ¥pi—1BXxn)2+1 3 7riQy(l + yo?)ssri. (75)
Vi

i=1 i 1
o, =2,y

(84

This hamiltonian has the form of the time-independent part of the general
hamiltonian eq. (4). Since the dynamical problem for this hamiltonian has
been solved in chapter I, where we have also calculated the corresponding
autocorrelation function for the magnetization R(f), we can evaluate in a
straightforward way for this model the various quantities defined in sections
2-4. In the first place we calculate with (1.46), (1.52) and (1.68) the average
magnetization per particle in thermal equilibrium in the presence of a

t For notations used in this section ¢f. chapter I.
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magnetic field B:

1 i B
—¢ppMB) = — — 2 —— —
N SEBFER: N i=1 4[y%0] + B%*(w; + }B?)]}
X (fiwy., i coth 3phewy ¢ — Ao ; coth $phw— ) = 0. (76)

The inequality follows with w; i = - ; = 0.
For high temperatures (ffim., ¢ < 1) eq. (76) reduces to

!
~ PrMp> = — 2B, (77)

On the other hand for very low temperatures (fhws, ¢ > 1) we have:

g Mg l “\;, 3 (7 — ). (78
— (ppM By = — — 4 ——r —— (Rw4, 1 — fiw—,4).
N i 7 N i=1 4‘[;/310} + B2(w; + 1B e @-4)-\79)

From eq. (76) we obtain according to eq. (51) an expression for the iso-
thermal susceptibility per particle:

1 &<psMp>
D
g e
L& 2t —iBt
8N i=1 [y2w! + B2(w; + 1B2)]
X (hwy, i coth $phwy, i — hio— ¢ coth §fhe— )
N 2
g S bl -
8N i-1 r;'zlu‘} -+ ]33((0;7’ 1132)]

X (ﬁmi_,-coth 1Bhwy, i + fio— i coth $pho— ¢

ﬁ’lgm."_

~ 2sinh? Yl 4

%)

-7'[;,/{_"’- i <0. 79
2 sinh? §pliw—

The inequality follows with the help of standard inequalities involving the
functions x coth x and x sinh~1 x. We see that y¢(B) is indeed negative for
all values of B, y and T = (kf)~L.

For high temperatures (ffiw.,¢ << 1) we have

10(B) = — f4ph%, (80)
whereas for low temperatures the susceptibility becomes
Pt 2y2w} — 1BA
(1) et = S N Wt =t — (fiwy, i — flo—
x2(B) 8N =1 [y%0! + B¥w? + 1BY)]! (oo ¢ !
Hed B2
e > - (hwy,i + ho-1). (81)

8N -1 [y20! + B(o? + }1B?)
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As we have seen in section 3, ¢(f) has a discontinuity at # = 0 and jumps for
our model from the negative value ¢(0-) to the positive value ¢(0*). The
value of this jump may be calculated to be [using the transformations (1.7),
(1.10), (1.18) and (1.26), as well as (1.68)]:

| o
o X (22 + y?
aN e 1(' Vi)

A
1 S 1
8N i1 wi(l — y2?)

Ag =

|:/11') ¢,1 coth 3phaw i
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2207 + B
2%} + BEw? + 1B

i

+ hw- ¢ coth $phw_ ; —

< (fiwy, i coth 3phw i — hw— 4 coth .1,{)’/1“),_‘,')] > 0. (82)
In the classical limit (# — 0) the jump of ¢(f) is given by
1 N
Ap =—— 3 1/wi(l — 9?). 83
: 2NB =1 fox 7) (83)
As for the relaxation function ¢(¢) [cf. eqs. (44) and (54)]
8
@(t) = | dAR(t + i%7), (84)
0

it can be found with the explicit expression (1.76) for R(f), replacing the
real argument ¢ by ¢ + i44. This yields:
phz XN B2

) 4N i1 4[y%e0} + Bi(w; + 1B?)]

t

) )
L ‘ - ;
sinh? 8w, ; = sinh? 4phimy ¢
i N, coth §phwy, ¢ + coth phw- 4

1 3 K2 cos(wy, i + w—,q) ¢
4N =1 ° @4,.§ + o ¢ S+, ¢ @-,1)
i N coth ifliw— ¢ — coth iBfws
b ~ b [,;! i [ 777( ’») 2 C(’).\'((l);_,' — w-,i) t,
4N i=1 Wi, i — W— ¢ ' (85)
where K; and L; are defined by (1.53) and (1.54).
In the classical limit we obtain instead of (85):
1 N B
) = oz 2 —— ——
2NB i=1 [y2w; + B%(w; + 1B?)]
b & K?
- — X ) - — CoS(w+. ¢ + w—¢) ¢
2NB i=1 wi(l — p?)} S(@+.¢ 0
| )R 5
-+ > : 5 (‘O.\‘(('),_i — W ",i) L. (86)

2.\? iH) m;f)(] — 7,2)5




Since we are especially interested in the behaviour of the system in the
limit N — oo, we require, asin chapter I, theinteraction matrix £ to obey eq.
(1.77). Using furthermore the definitions (1.78)-(1.81), we can easily express
the results obtained above, in the limit N — oo, as follows: For the average
magnetization per particle we have

1
lim — <pgMp>
Nesoo- 2V

1 B?
— — A
2r .[( {4’0’%/(0)1’*’ + B2[f(6) + B}

% [hw(0) coth YpAiw(0) — hw—(6) coth .‘_,ﬁ/zm.(f))]}.
For yp(B) we obtain:

c<ppMp
lim y7(B) = lim i
N —00 a N-»c0 4 ([f

L [ 2700 — 4B
- C — —
t6m | © (R0)12 + BA/O) + 1B}

fiw 1 (0) coth 3phiw(0) — %w—(0) coth 3pliw_(0)]
1 "10 B2
6= ) " @R/0)® + BI(0) + 187

diw o (0) coth Yphew.(0) + he-(0) coth §pfio-—(0

[)'/I | (D)4 (0) [HI?;UL (())—|2
2 sinh? L pho (0) 2 sinh2 }phiw-(0) |

For the jump of ¢(f) at ¢ = 0 we get

el
lim Ap — J(lf)
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101 — »?)

N-+co
X Jluu,‘(f}) coth 3w (0) + hw-(0) coth Lptiew-(0)

|
29%0) + B>
T 2020 + B/0) + 1B
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and in the classical limit:

lim A = J o 1/4(6)(1 — »2). (90)

N-»o0

The relaxation function (/v(‘)(l > 0) becomes in the limit N — oo:

lim ¢(f) = PR [ a0 i
1m o) = C v
ey 8x | 4{%[/(6)]2 + B2[f(6) + 1B}

x(__g 012 N 2 ) )

sinh? ] ,‘Hm)+( ') sinh? }fhw.(0)

3 ~ 1 £ 2 ¥ 1 1
h -Jd()[x(())]g coth 3ﬁfz<i(0LE coth 3”""“-,(,0) cos g4(0) ¢
g+(0)
h }pha — coth §pliw (0
B _[“0 a2 == e )(o) oA cos g-(0) ¢, (91)

and in the classical limit:

lim ¢(¢

j B2
N-s00 4rf (6)12 + B[/(6) + 1B}

1 [(6)]2 §
+ Mﬂ‘f YOI T

= e
41:{}[(10 701 — yg—)r cos g—(0) . (92)

Now that we have taken the limit N —» co for the relaxation function, we
are in a position to evaluate the asymptotic value of ¢(f) in the limit ¢ — oo.
From eq. (91) we find for the quantum-mechanical case, with the conditions
we have imposed on the function /() in 1. section 4, and making use of the
Riemann-Lebesgue theorem

lim (g2 — zis) = lim Lim ¢(f)

N —»oc0 t—+00 N-—»o0

i Jdo B e SVSRE )
8r 4(»2[1(0))* + B2(f(6) + 1B}

X ( = s LR .*‘[w;(‘q)]z A)' (93)
sinh? }Bfiw.(0) sinh2 {pAw-(0)

41




For # — 0 this reduces to

im (yr — zis) = hm lim ¢(f)
N—co »oa N-—+o0

B2
= J(V) — g = re
amp ) BP0 + BH/0) + 1B%)

(94)

If, however, the magnetization were to relax to its new thermodynamic equi-
librium value, we should have found as asymptotic value of ¢(¢) for  — oo

B <{pAMAH?
lim lim ¢ = lim - : = lim — s 95
t—>00 N-—roo ,() N-—+00 N ‘\P(—\II)'Z/ N-—so0 (/T . ) ( )
The second member of (95) is given explicitly by [¢f. eq. (1.90)]:
B (pAMAH>?
lim [7 :
N N <p(AH)?

1 B
— 8l — | do , = oo IS
g [Zﬁ J( 2{(»2[1(0)12 + B2[{(6) + 1B}

(O Hw ) o0\
( 4 sinh? }fhw.(0) 4 sinh? g% (0)

27 4 (6)12 2w (0)]2 -1
[ L {apf i ernA + S NLT #lo-UM (96
2r 4 sinh? }pfiw(0) 4 sinh? }phw—(0)

which vanishes in the classical limit:

... B <pAMAH)®
Iim lim —-
fi->0 N-soo N (A[])
Comparing the r.h.s. of (96) with the last member of (93) (¢f. 1. section 4)
and the r.h.s. of (97) with the last member of (94), we can easily check that
for our model the general inequalities (64) and (65) hold.

Furthermore the asymptotic value of ¢(f) for our model is in the quantum-
mechanical case in general not equal to the r.h.s. of (96) and in the classical
case in general not equal to zero, so that true thermodynamic equilibrium is
not established in general, or equivalently:

> s (98)
However, if we also take the limit B — 0, we find instead of (93):

(97)

& . ]
lim lim lim ¢(f) = 1(y) —— J(IO ——

sinh? }pA[1(0)]F

B0 {00 N-—+c0

where 1(y) is the function defined by (1.34).
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In the classical case we obtain instead of (94):

J(w 1/(6). (100)

lim lim lim ¢(¢) = 1(y)

B0 t-+00 N-»c0 U

Note that the results (99) and (100) are insensitive to the interchange of the
limits B —> 0 and ¢ — co. Thus both classically and quantum-mechanically
@(¢) vanishes as ¢ — oo, when B — 0 with y = 0. This implies that in this
special case (B — 0, y # 0) we have:

T = Liss (101)
and thus with (64):
1= Xs = X8 (102)

while we have in addition in the classical limit y7 = 0. The equality sign be-
tween ys and yis in (102) expresses the fact, that in the case (B — 0, y # 0),
the magnetization relaxes to its new thermodynamic equilibrium value. This
is a consequence of the fact that the magnetization is in this case ergodic
as shown in 1. section 4, where we also discussed the connection between
this property and the nature of the constants of the motion for varying
values of B and y.

To summarize: we have found the following general behaviour of ¢(f)
for our model (in the limit N — oo) in the quantum-mechanical case

p(t) = X’l‘(B);'i' 0 for t< 0,
¢(0%) > 0O,

()| = ¢(0F) for ' 70; (103)

limel) =yr — s =0 — xs =0,

t—rc0
i.e. the function ¢(¢) is first negative, then jumps to a positive value at # = 0,
and finally relaxes to a non-negative value. True equilibrium is again
established only in the case B — 0, y 5 0, (i.e. when g7 = s = xis)-

Finally we want to give an explicit expression for the frequency-dependent

susceptibility per particle for our model. In the limit of an infinite system
we obtain with eqs. (72), (89) and (91):

1 (w) = — vy ‘[d() 01 — )
X {fl(m(O) coth }phw(0) + Aw—(0) coth }phw_(0)
22/(0) + B2

202(/(0)12 + B[f(6) + 1B}
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X [hw4(0) coth }phiw,(0) — Ahw—(0) coth .'_,-[)‘/1(:)-(0)]}

o0

+ I dr elor
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db{[«(0)] 2 [coth 1pliw.(0)
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Using now the following relation:

felzt dt = nd(x) — P(1/ix),

0

where P stands for principal value, we have:

2(w) = z(c0)
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- SL—J(lO{{K(OHL’ [coth Lpfiw(0) + coth 3pfiw—(0)]
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R AT
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(104)
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1
= li D) = —
%(c0) im y(w) T

X {lzm.(O) coth 1phw.(0) + hw-(0) coth §plhiw-_(0)
[2y2(0) + B?]

 2(2[/(0))2 + B/(6) + 1B}

|

X [fiw(0) coth §phw.(0) — Aw—(0) coth phw .(0)];.

which is precisely equal to —Ag, as given by (89) [cf. eq. (73)].
By choosing @ > 0, the delta functions é[w + g+(6)] and é[w + g-(0)] vanish
in the interval —= < 0 < =, since g.(0) = 0 for —= = 0 = =. After some
simple calculations we obtain the following expressions for z'(w) and x"(w)
[respectively the real and the imaginary parts of y(e)]:

h
r(0)=1le0)—= l’jd(/[K(O)J2

01

“a sinh 1pAg.(0)
" “sinh }phw.(0) sinh 1pho-(0) o2 -

h

w

demamy

5 sinh 38hg-(0) g-(0)
” sinh 3phw.(0) sinh 1pho-(0) o — [g-(0)12’
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[k (6)]2

] -
1 (@) = 116 sinh Q[Hm)J do :

- , == Ol — g4(0)]
sinh 4pAw..(0) sinh 1 f#w—(0)

ho i [4(6)]2
sinh §pAw | df — —- o[ — g-(0)].
6 — sinh $pfw(0) sinh }fhw-_(0) -
= (109)

In the classical (or high-temperature) limit we have:
1 ¢ [x(0)]2
e , PJ ap L )]

4rf fO)(1




where y(co) is now given by

by 4nﬁJ Y00 =

['he imaginary part can in the classical limit be expressed as:

"(0) = : 9 COF o 6
" () = db-— -0l '
r'(@) =g 700 — 537 e — &+0)]

o J 9 2OF )] (112)
+—| df — a7 Olo — g-(0)].
8 1O)(1 — y2)?

[t is seen from eq. (109) that y"(w) is non-negative for w > 0 as expected.
One can finally check from eq. (106) that %(0) is indeed equal to ys.

6. Conclusions. In the preceding sections we have developed a theory of
diamagnetic relaxation and pointed out the essential differences of this
phenomenon with paramagnetic relaxation. The main difference was the
occurrence of a discontinuity in the relaxation function. We have illustrated
this specific behaviour of diamagnetic relaxation for the case of the linear
chain of two-dimensional harmonic oscillators. For this model we can there-
fore estimate the magnitude of the discontinuity in terms of the characteristic
quantities of the system. Defining the ratio

D = Agflyrl, (113)
as a measure for the relative importance of the discontinuity, we find quite
generally from eqs. (79) and (82) that for this model

D, (114)
In particular we have for high temperatures

6 Ld2% delil
[) = - E T
1 — 92 N i=1 f2h20;

and for very low temperatures

- p23/(1 — p2)b, (116)

/

Thus D depends under all circumstances on the magnitude of the anisotropy
parameter y, and becomes large for large |y| (ly| = 1), as well as at high
temperatures. (Experimentally the discontinuity could be found from the
asymptotic value of the dispersion y'(w) for  — o0.)
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We note that even in the low-temperature limit D can be larger than
unity. This implies that even in this limit the magnetization after a ,,sudden”
reduction of the field will at first overshoot its new equilibrium value and
must therefore reestablish this value with some time lag. This relaxation
phenomenon is described by the function ¢(¢) [eq. (91)] in the corresponding
limit (f — o0):

h o cos g4 () ¢
47:‘[(10 (0)]2 - g,,(o) . (117)

The following comments may now be made:
1. In the above limit ¢(f) vanishes as ¢ tends to infinity, for all values of y
and B. This implies, in view of the previously derived inequalities, that
AT = ys = Jis, as one would expect for a system in its ground state.
For B = 0 and y = 0 ¢(f) vanishes for all £ = 0. But this is the case,
when D is equal to unity, that is, when the magnetization achieves its
equilibrium value instantaneously.
Even when the system is in its ground state, nonzero values of y, which
characterize the anisotropy of the interaction between the oscillators,
give rise to small relaxation effects. In this connection we refer to the
controversy concerning the so-called inertia of the Faraday effect8).
Although we were able to come to many of these conclusions on the basis
of the behaviour of a specific model, it may be expected that they retain
in a qualitative way their validity for real diamagnetic systems.

Acknowledgment. The author is grateful to Dr. B. U. Felderhof
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APPENDIX I

We shall derive here eq. (27) of the main text. Inserting eqs. (21) and (22)
into eq. (18) we obtain

oo

| .
$p(t) Mg,> = {pgMp)> — —— Jer dr

ich
0 V

(M (7)[p(r)—V,-qir) + cV, X mg (), pg,l>-a(r il —7)
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<M31( ) V" {p( ) o Vr'q(r)}' Plij) (f'(r't =3 T)'




By cyclic permutation of the operators in the quantum-mechanical traces

in eq. (L.1) and splitting up the second term on the r.h.s. of eq. (I.1) into
two terms we get

$p(t) My > = <pg — — J J
ich

$pp[My, P(r, —7) — V,q(r,t — )]>-a(r,t — 7)

-
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0
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J dr f dr
fi
<

pe [ My, V. {p(r, —7) — V,-q(r, — 7)1 @(r, t — 7). (I.2)

Integration by parts of the terms on the r.h.s. of eq. (I1.2) (the second term
with respect to 7, the third and fourth term with respect to r) yields

<p(t) M;> = {pg,Mg>

|
[Fe l(:/l fdr'/PB,:’-MBl' P(f) m] Vr'qu”f"a(’: t)
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1 r
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0 V

] oo
t [(lrj(lr'fp,llﬂl,l,p(r, —7) — Vo q(r, —7) >V, p(r, t — 7).
g 8 (L3)

Making use of eqs. (13) and (14) we obtain the following expression

1 :
pll) Mp> = <pg My > — ich J dripg,[My,, p(r) — V,-q(r)]>-a(r, ¢)
C

1
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oo
~ ~

— ]lJ (ITJ dripg [Mp (), mg (r)]>-b(r, t — 7). (I.4)
i%

0 V

The last term on the r.h.s. of eq. (I.4) may be transformed in the usual way
to yield

[ee]
>

| .
— 5 J er dripg [Mp (7), myg (r)]>+b(r, { — 7)
i%

" (My,(r + iiA) py, iy, (r)>+b(r, t — 7)

~ ~ ~ -~

= *J (lrj er (1/‘.[ :— My (7 -+ ihA) pg,mpy (1), J-b(r,[ 7). (E:5)
oT

0 V 0

The second term on the r.h.s. of eq. (I.4) becomes after partial integration
with respect to r

1
Tk "d'fPB,MB;'P(’) V,.-q(r)]>-a(r,t)
l.'
N

" Dt E: {ps[rix ty, ri]>-a(Ry, ?)
2%

e2

t 3<ps,[ri X F4, riri]>: Vg a(Ry, 1)}, (1.6)

where use has been made of the symmetry of the tensor q. The first term on
the r.h.s. of eq. (1.6) is given by

ol SR —
— ot i 2 Cemlrix firil>-a(Ri, 1)
e L
= — — X Lpp.ri X [#i, ril>-a(Ry,
2‘3_)_ i% Fd P, Ti i il ( i )
S i1 (R, 0
= % d ri> X . a iy
2¢2 ik =1 £8¢ i m :
e2 N
e Ll {pg.ri X a(Ry, t)). (1.7)
2

Nest we consider the vector given by the second term on the r.h.s. of eq. (1.6).
Apart from a factor —e2(4ic24)~1 the « component of this vector is given by
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(restricting the argument to the sth particle and omitting the index 7
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where &45, is the Levi-Civita tensor
1 1 oy B = 1,2 3'eycl;
Expy = | —1 it o Bir=2x1, 3cycly, (1.9)
0 otherwise.

The second term on the r.h.s. of eq. (I1.6) may thus be written as

N

—y

2

— ——— X Lpp[ri X #3, tiriD): Vra(Ry, t
PP e i b A e VR, 1)

e2 N

" dme? .EI {<pp.ri X (r+Vg,) a(Ry, 1))
s

- {pg,Ti X VRI'i'a(Ri» [)]} (I.10)
Inserting now eqs. (L.5), (I.6), (I,7) and (I.10) into eq. (I.4), we obtain
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So far we have found an expression for {p(f) Mg [cf. eq. (15)]. Next we
have to evaluate <pg M, (£)> [¢f. eqs. (15) and (19)]. With the definition (17)
of M,(t) we obtain, using the expansion (26) for a(R; - r;, ¢), the following
expression
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With eqs. (I.11) and (I.12) we thus find for M(t)
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Making use of the identity
(ri-Vg) a(Ry, &) — Vg[rica(Ry, {)] = [Vg, X a(Ry, )] X 1y, (I.14)

we finally obtain
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which is eq. (27) of the main text.

APPENDIX II

We prove, closely following the argument of ref. 5 for the paramagnetic
case, that the conventional definition of the diamagnetic adiabatic suscepti-
bility per particle

1 [ 2{ppMp)>
2o ——f 00 IL1
SRy ( 2B ),,. )

is identical with the one given in section 4 [eq. (55)]. From (IL.1) it follows
that
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d<ppH> = 1B dg,
o < B )ﬁ( : ( % Jo

1psH> o
SRR O T

><11; - B<psAMAH> dB — <pg(AH)2> dB,

where use has been made of the operator identity?)
B

_ __©H ]
— | diexp[—(f — 2) H] B exp(—AH),
2

dlexp —BH)
B




and of the relation
oH
oB

Mp=— (IL.8)

For an adiabatic process we obtain from eqs. (I1.4) and (I11.6)

oH
0 = (d<paH>)s — <pn 5 = >dB — BlosBAMAH>dB — <pp(AH)2>dp. (IL.9)
5

Thus we have

{peAMAH >
% ARG T (I1.10)
2B <p(AH)%)
Inserting (IL.10) into (II.2) we finally obtain:
AMAH »?
ey TR (IL11)

N ps(AH)%

which is just the definition eq. (55) of ¥s.

APPENDIX III

We shall give a proof of eq. (57) of the main text.
By definition we know that

1
T Jd/(]‘ f(l(f(l/ R(t + i44), (ITL.1)

0

7 Jd[ ot J(IA — J di R(t + i%4) (I11.2)

The autocorrelation function R(z) is an analytic function in the strip
0 < Im z < #f, and furthermore R(z) is continuous at the boundaries.
Thus for every contour in the strip 0 < Im z < #f it follows that:

§ R(z) dz = 0. (IT1.3)

or

Therefore with (II1.3) we can show that
7 A 7

1 i7 I
2 f At R(t) + ’,If J AXR(T + ihd') — 7f(1z R(t + i%A)

0 0 0
A

"
= 111 _[d;.'le(i/z;.') = (for 0 < 1 < B). (L11.4)

0




From (III.4) it follows that
P
| 1ZR(t L tR(t + i%hA)
— 1 C )) — — | C )+ 1A
T J (t) T (t + 1%4)

0 0
A A

|7 [ avranry — 2 [ avr@ + i)
_T—J(/. R(144 T dA'R(T + 144

0 0
A g
=2 : IVR(GAL) < 2 y 11’ R (i
= - | ) <2 — A'R(i%A
=25 dA'R(1AL) = n dA'R(i41")

— 200" 4T  (for 0<A<p), (I11.5)

where we have made use of the following inequalities:
2 A
[ dXR(T + ik2')| = | dA'R(iA) for every real T (I11.6)
0

and
R(i#A') > 0 for 0ZA' <8 (I11.7)
Using (II1.2) and (II1.5) we finally obtain the following inequality:

T r

: gt P atrye
£ T /
I dig(l) T ¢ \()\
0 0
g s
| i 1
-‘Jdly;fdﬂﬂlﬁihﬂ aszyffdﬂan

I
/f f,dm t -+ ihid) —
[

[ T

‘[d/ 2¢(0) A|T = 2¢(0%) BA|T.

7
~

1
Ilm - J(]lq =p llm [J dt R(¢),
0

0

and this is just eq. (57) of the main text.
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CHAPTER III

ERGODIC PROPERTIES OF THE MAGNETIZATION
IN HARMONIC OSCILLATOR ASSEMBLIES

Synopsis

The stochastic behaviour of the normalized total magnetization X (¢) of a linear chain
of charged anisotropically coupled two-dimensional harmonic oscillators in a magnetic
field B is studied in the limit of an infinite system. Expressions are derived for the
joint and conditional distribution functions in the microcanonical ensemble. The
process X (2) is found to be a stationary, gaussian, non-markoffian process. The asymp-
totic time behaviour of the conditional distribution function and the conditional average
of X(f) is studied in connection with the ergodic properties of X(¢) for varying values
of B and the anisotropy parameter y. If  # 0, B — 0, the gaussian process X(¢) is
found to be ergodic (i.e. all square-integrable functions of X (#) are ergodic functions).
In the limit of an infinite system an equality is derived, connecting microcanonical
and canonical autocorrelation functions of sumvariables. Mazur’s condition for ergodi-
city of certain phase functions is found as a corollary of this equality.

1. Introduction. The stochastic types of motion of one single particle in
harmonic-oscillator assemblies have been studied extensively (¢f. section 1
of chapter I').

In this chapter we shall discuss the stochastic behaviour of a property of
such an assembly as a whole, viz. the total magnetization of a linear chain
of charged anisotropically coupled two-dimensional harmonic oscillators in
a magnetic field B. In chapter I we solved the dynamics of this system, and
derived an explicit expression for the autocorrelation function of the magnet-
ization in the canonical ensemble. Furthermore we discussed the ergodic
properties of the total magnetization of the chain for varying values of B
and the anisotropy parameter y. We considered both the quantummechan-
ical and the classical case in chapter I. In this chapter we shall restrict the
discussion to the classical limit.

In section 2 we derive, in the limit of an infinite system, expressions for
the joint and conditional distribution functions (d.f.’s) for the normalized
magnetization X (£) in the microcanonical ensemble. The process X (¢) is found
to be a stationary, gaussian, non-markoffian process. Furthermore it is
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shown that, in the limit of an infinite system, the microcanonical and canon-
ical autocorrelation functions of the magnetization are equal for all times ¢.

In section 3 the asymptotic time behaviour of the conditional d.f. and the
conditional average of X(¢) is studied in connection with the ergodic proper-
ties of X (¢). It is shown that, if B # 0, when X (/) is a non-ergodic function,
there remains a ‘“‘memory”” with respect to the initial value X, of X(¢). If
y # 0, B — 0, when X(f) is an ergodic function, the conditional d.f. tends
to the “equilibrium” d.f. and the conditional average tends to zero as ¢ — oo.
In this case it is also shown that the process X (f) is ergodic (i.e. that all
square-integrable functions of X(f) are ergodic functions).

In section 4 we derive, in the limit of an infinite system, an equality
connecting microcanonical and canonical autocorrelation functions of sum-
variables. Mazur's2) condition for ergodicity of certain phase functions is
found as a corollary of this equality.

2. Microcanonical joint and conditional distribution functions for the mag-
netization in a linear chain of two-dimensional oscillators. We consider, in the
classical limit, the model studied in chapter I*, i.e. a linear chain of N
identical anisotropically coupled charged harmonic oscillators, whose
motions are restricted to the xy plane. The system is subjected to a time-
independent homogeneous external magnetic field B along the z axis. The
hamiltonian is given byt

N
H =3 ¥pi— 1B rr)* + > 4riQy(1 + yo?)*or;. (1)
i=1 f,i=1,.., N
x,f=z,1
By performing the canonical transformation given by eqs. (1.6) and (1.7) we

obtain (dropping the primes denoting the new variables)

N
H = Y. Hy; (2)
i=1
with
Hy = _l:p'f — 3B(r; A Pi)z '._l!f,"{((v)": -1 1‘13‘:)1 -+ }'(l):';oz}"'(. (3)

In terms of the quasiparticle coordinates and momenta the z component of
the magnetization for this system is given by

N
M =73 M; (4)
i=1
with
My = §{(ri A pi)z — 3B(r-ry)}. (5)

* Equations and sections of chapter I, referred to in this chapter are preceded by the
prefix 1.
+ For notations ¢f. 1. section 2.
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We shall now, in the limit of an infinite system, derive an expression for
the joint d.f. W (Xo, X; #) and the conditional d.f. Pn(X, £/ X¢) in the micro-
canonical ensemble on the energy surface Ey (with Eyx/N = ¢ (constant))
for the normalized magnetization X (¢)*. The variable X (f) is defined in the
following way:

Milt)

, L y 7
oM, N /N

Xi(t)
where
U
e /PJJI'}"I
and
exp — p1H

£ (exp (— p1H)

Here < » denotes integration over phase space. The parameter f is chosen
in such a way that the corresponding canonical average of the energy is equal
to Ex:

2Np;! = <p1H> = Ep. (10)
It follows from egs. (3) — (9) that
{p1Xi(t)y =0 (="1 N (11)

and
N
/ p N r2 \
PX2)> = X X3ty = 1. (12)
i=1
Furthermore the autocorrelation function of X(¢) in the canonical ensemble
corresponding with the parameter fi; can be written as

1 <pMM(r)>  Rn(p1,7)

= 5 e o (13)
N O3, N Ry(p1,0)

Ry(fr,7) = X)Xt + 7)> =
where Ry(p1, 7) is the canonical autocorrelation function of the magnetiza-
tion. From eq. (1.76) we can obtain an explicit expression for Ry(f1, 7) by

substituting p = f; and taking the limit # — O.
For finite N we obtain

* We note that the stationary microcanonical ensemble generates a stationary process
X(), eg.,

”/m(-\’lb X;to, to+ 1) le(-\’(l. X3 2).




Ry(1,7) L5 b:
SR 2Nf; <1 Y20 + B2(o} + }B?)

)
K?

]

M =

I :
= e ) = - COS ((1).‘,' ~ '.i)T
2NB; i=1 o1 — y2)}
N 2
] 5 J %A

]

2NB? <1 wi(1 — )

i /

cos (w+,§ — w— )7, (14)

so that the limit of an infinite system

]\)‘\‘(ﬁ], 7) R(/)’], T)

R(B1, lim , 15
(P1, 7) N l.w Ry(p1, 0) R(p1, 0) k)
with
R(p ; 1 =
— J
W) = it J VOF + Brf6) + 1B
. f (j 12
.,J do - u<(0); — €0s g4+(0)7
apt ] O — )
d {A(0)}2
,,J do ~— €0s g—(0)r (16)
awpy ] 01— )
(for notations cf. 1. section 4).
Furthermore we introduce the normalized energy Y
N
Y — % v, (17)
i=1
with
: AH;
Y —, (18)
OH,N ~ N
where
AH H; — ‘/p]['l," “9)
and
J’ : \\ : 20
OH N i p1(AH;) } (20)
It follows that
Y =0 = 1, ..., N) (21)
and
N
.’plYQ\ Sy "plyh';" = ], (22)
i=1




We shall now compute the joint d.f. Wy (X, X; ¢) and the conditional d.{.
Pn(X, t|Xo) for the process X(f) in the limit of an infinite system.
Replacing the restriction # = Ey by the equivalent restriction Y = 0,
we may define the joint d.f. Wi(X,, X; {) as follows
WiV (Xo, X;t) = W (X, X;1|Y = 0)
<O(X(0) — Xo) o(X(?) — X) 6(Y)>
(A (0) ()) '() ) oY) (23)
(YY)
By multiplying the numerator and denominator in the last member of (23)
with a factor (exp — p1Ew)/<exp(—p1H)> we can write (23) as a ratio of
canonical averages
: (p10(X(0) — Xo) 8(X (1) — X) 8(Y)>
N X, XY = 0) = SO — S0 B2 — F)UTD
{p1d(Y)>
By using the Fourier-representation of the é-function we may write
{p16(X(0) — Xo) 0(X () — X) 6(Y)>

+00 400 400

]
(27)8 J J‘ J(l” dv dw exp(— iXou — iX0) yn(u, v, w), (25)

where the characteristic function ¢y (%, v, w) is defined as

Uy (u, v, w) {p1exp(iX(0) u + iX () v + iYw)). (26)

(24)

The function iy (#, v, w) can be expressed as
N . ey - o e
= lexp(— p1H;) exp(iX;(0) u +1X;(f) v + 1Y w)>
(i 019} I p(— p1H;) exp(iX;(0) 3(t) il J@) (27
i=1 exp{(— p1H;)>

where use has been made of the statistical independence of the quasiparticle
functions

(X;(0) # -+ X;(t) v + Yjw), (= 15s7mdV):
The logarithm of ¢y (%, v, w) can be expanded in a power series in %, v and @

i exp(— p1H;) exp(iX;(0) u + 1X;(¢) v + 1Y w)>

] (e, v, w) = X1
niy(u, v, w) o % lexpl(— p1H;)»

N
5 Indi KpX2(0)> u2 — pX3(t)> 02

s |

=3 ply"' W2 — p[\,(O) \/(/) uo

4

» > > » | ” ]
— {p1X;(0) Y> uw — <{p1.X;(t) Yy> v + € (N N )}

N

. 1
— Ju? — 102 — lw? — Ry(t) wv (( : )
N

where Ry(f) is given by eqs. (13) and (14).
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Thus in the limit N — oo (keeping Ex/N = 28, ! constant) we find that
Yn(u, v, ) —exp{— Iu? — 1v2 — lw? — R(t) uv) (29)
uniformly in any finite region of («, v, w) space3). R(f) is given by egs. (15) and
(16). It can then also be shown along the lines of an argument given, e.g., by
Van der Linden?), that

lim<¢p18(X(0) — Xo) 8(X(t) — X) 6(Y)>
N-—»o0

P .
= (2_)71—" f J du dv dw exp(— iXou — iXv)

X exp{— $u? — Jv2 — Jw? — R(f) uv}
1 1 X2 —2R() XXo+ X?
, sy %P — G (30)
2m)t {1 — R2()} 2{1 — R2(1)
uniformly in X and X (for details see appendix).
Integrating (30) over Xy and X we obtain
1
lim<p18(Y)> = : 31)
N -oopl (27)* (
[nserting now the results (30) and (31) into (24) we get
. 1
Wn(Xo, X ;1 lim WX, X ; ¢ ,
m(Xo ) TR m (420 ) {1 — I‘)“’(/):‘!
X2 —2R(t) XXo + X2
X exp — (32)

2{1 — R2(})}

uniformly in X and X,. The procedure followed above leads for every finite
set X (1), X(£2), ..., X(¢n) to an n-dimensional gaussian d.f. for the joint d.f.
of this set in the microcanonical ensemble. Therefore the process X(f) is a
stationary, gaussian process. Integrating both sides of eq. (32) over X we
find for the equilibrium d.f. Wy, (X)
Wn(X) = lim WX(X) —exp — $X?2 (33)
N—oo (Zﬁ)
uniformly in X. We thus obtain, in the limit of an infinite system, for the
conditional d.f. P (X, #/X,), defined as

Wmn(Xo, X; 1)

Pn(X, 8| X , 34

”( ‘ 0) ”’m(‘\'ﬂ) ( )
the following expression, which follows from (32) and (33),
1 X — R(t) X,)2

Pu(X, 1| Xo) = exp — i ol i (35)

4 [27{] — 1?2([)}}5



With eq. (33) it follows trivially that limy . <X({)>m = O, as it should.
Eq. (32) enables one to compute the microcanonical autocorrelation function
pm(7) of the function X(f):

pm(7r) =lim (X () X(¢ + 7)>m

N0
— [ [dX dXo XXoWm(Xo, X;7) = R(Br, 7), (36)

where R(f1, 7) is the function defined by (15) and (16). Instead of (36) we
may also write

lim ly— (M(t) M(t + 7)>m = lim {pyM(¢) M (¢ + 7)>. (37)
N-soo N N-—+00

In (36) and (37) the microcanonical average is taken on the energy surface

Ex(Ex/N = constant) and the canonical average is taken with the corre-

sponding parameter f, defined by eq. (10). Eq. (37) is a special case of a

more general equality which will be derived in section 4.

As we have shown already in 1. section 5, the canonical autocorrelation
function R(fi, 7), and consequently R(fy, 7) and pm(7), assume for no value
of the parameters y and B the form exp(— «7) (x > 0). This implies?) that
the stationary, gaussian process X (¢) is not a Markoff process.

3. The long-time behaviour of the conditional distribution function Pm(X | Xo)
and the conditional average T(t}'\’" in connection with the ergodic properties
of X(t). In chapter I we have investigated the ergodic properties of the total
magnetization of the harmonic chain for varying values of the anisotropy
parameter y and the magnetic field B. We found that for our system the
magnetization, or equivalently the function X(f), is in general (B +# 0) non-
ergodic. In the case y = 0, B — 0 the magnetization and consequently X(¢)
are constants of the motion, and non-ergodic. Only if y 3 0, B — 0, the
function X (¢) was found to be ergodic*, Now we are going to investigate,
having taken the limit N — oo, the conditional d.f. Pu(X, t|Xo) and the

conditional average X" in the limit of infinitely long times. For the
general case (B # 0) we obtain
- o & Na
lim Pn(X, t1Xo) = o ——— €Xp — _(‘\7@1‘}“)7 . (38)
t-so0 (27(1 — P} 2(1 — Pw)

* In chapter I this property was established in the limit of an infinite system.
It may, however, be verified that the magnetization, or equivalently X(f), is already
an ergodic function, if y # 0, B — 0, for finite N. In this case, however, only the time
average of the correlation function R y(#) vanishes, but its limit as ¢ — oo does not exist.
It could furthermore have been checked that for the finite system, even when X(1) is
ergodic, the function X2(f) e.g. is nevertheless a non-ergodic function. It is the purpose
of this section to establish that in the limit of an infinite system all square-integrable
functions of X (¢) are ergodic functions and that the process X(¢) is a gaussian, ergodic
process, if y # 0, B = 0.
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where
. W . R()
pm = lim py(¢) = lim R(f) = lim ———. (39)
{00 {—»c0 t—+co R O)
R(¢) is the function defined by (16).

A ojle T e, )
For the conditional average X({)” we get

X(t)™ = [dX X Pu(X, t|X0) = pm()Xo (40)
and in the limit { — oo we find

lim X(8) " = pmXo. (41)

{—>c0

From inspection of eq. (16) it appears that, if B # 0, pm obeys the inequality
0 2 f)m = (42)

This implies that in the case B # 0, when X (/) is non-ergodic, there is a
“memory”’ with respect to the initial value Xy, in the limit  — co.

y = 0, B -0, i.e. when X(¢f) is a constant of the motion, it
follows from (23) (one does not have to take the limit of an infinite system

here) that

In the case

lim P (X, t|X0) = (X — Xo) (43)
B—0,9=0
and
lim _Wt)'\'n - Xo. (44)
B—0,y=10

Both (43) and (44) hold for all times £. It should be noted that one obtains
the same result in the limit of an infinite system, by taking the limit B —
-0, y =0 in (35) and (40) (P — 1).
Finally, if y 4 0 and B — 0, it follows from (16) that

I,;m = lim Pm([) = 0. (45)

{-—»00

Thus we obtain

] X2
lim P (X, £ X0) - : exp — (46)
Lo N, (2r) 2
and
lim X(?)** = 0. (47)

{00

In this case, when X(¢) is an ergodic function, there is no “memory” with
respect to the initial value X,. The conditional d.f. P (X, t|X¢) tends to the
“equilibrium” d.f. Wy(X) (¢f. eq. (33)) as ¢ — co. Or, equivalently, the
joint d.f. Wi(Xo, X; ¢) factorizes into a product of two uncorrelated “equi-
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librium” d.f.'s as ¢t — co:

Ilim Wmn(Xo, X; t) = Wn(Xo) Wn(X). (48)
A necessary and sufficient condition for X(#) to be an ergodic function is,
that the time average 71 [ pm(f)dt vanishes as T — oo. It is obvious that
the property given by eq. (45) is a sufficient but not a necessary condition
to ensure the ergodicity of the function X (¢). In fact, if y # 0and B >0
pm(t) — 0 as [f| — oo, and this property is a sufficient condition for the
real gaussian stationary process X(f) to be ergodic$). The property that the
process X(f) is ergodic is of course stronger than the property that the phase

function X (t) is ergodic. Indeed, ergodicity of the gaussian process X (¢) implies
that all functions f(X(#)) for which

j‘l‘\' /(\) 2 ”"m(-\',)

exists, are ergodic.

4. An equality connecting microcanonical and canonical autocorrelation func-
tions of sumvariables. In section 2 we have derived an equality (37) connect-
ing, in the limit of an infinite system, microcanonical and canonical auto-
correlation functions of X (¢) (with corresponding parameters Ey/N and ;).
In fact this equality is a special case of a more general equality. The reason
why we obtained the form (37) lies in the fact that for our model the quanti-
ties

p1X;(1) Y or Pl-‘[j(/)(l[j p1H ;)

vanish for all 7 and N and all times ¢.

Let us now consider a variable A4 () which is, in terms of the quasi particle
coordinates and momenta, a sum of variables 4;(¢) with independent distri-
butions in the canonical ensemble. Let the normalized variable Z(¢) be defined

as
N
Z(t) = 3 Zilt) (49)
i=1
with




The canonical ensemble density p; and the normalized energy variables
Yi(¢ =1,...,N) and Y are defined here in the same way as in section 2.
Let us now define the quantity Q as
1 N
() lim - E ’p]/,,'yi 4 (53)
N-—»c0 4 i=1]

Substituting (18) and (50) into (53) we have

. 1 Y <p1dAAH
Q0= lim — X £ it/ (54)
N-soo IV i=1 G4 NOH,N
(Note that for the variable studied in section 2 (i.e. if Aq(t) M;(t)) we
have Q = 0). Applying a Schwartz inequality to the r.h.s. of (54) we obtain
the following inequality

0| < 1. (55)

Assuming now that the arguments, used in section 2 and in the appendix,
which led to egs. (32), (33) and (35), are valid here too, we obtain in the limit
of an infinite system for the microcanonical joint d.f. Wy(Zo, Z; t)

Ww(Zo, Z;t) = lim W(Z,, Z: )

N o0
I 22 —2R() ZZo + Z% _
= = EXp — : = , (56)
2n(1 — @3){1 — R2(y)} 2(1 — Q{1 — R2(4)}
with
R(t 2= OF 57)
<(f) | — Qe (<
Here
N
; A T . <prAAAA(t
Bl = Bim. 5 nZitsls = i AR (58)
N-—+soo i=1 N0 P]( l"l):
where
N
AA[t) = 3 AAq(t). (59)

i1

With the assumption made above the limit in (56) is established uniformly
in Z and Z,,.
For the d.f. Wy (Z) we get

Ww(Z lim WNM(2) = __ exp - 60)
A i) 2r(l — 023t P | ®

uniformly in Z.
(bnso(]m:ntl_\' we have in the limit N — oo for the conditional d.f. Pul(Z,tZ0):
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Wwn(Zo, Z; 1)
Wn(Zo)
1 (Z — R(t)Z0)2

v T T > EeXp — ) 59 2
(2m)H(1 — Q{1 — RO} 2(1 — Q{1 — R2(¢)}

Pm(Z, 1‘:20)

From eq. (60) it follows immediately that

lim <Z()>m = [dZ Z Wn(Z) =0 (all #),

N-sc0
which implies
. 1 ,
lim —— (¢4>m — <¢p14d>) = 0. (63)
N-»c0 \“\‘
For the microcanonical autocorrelation function we obtain in the limit of
an infinite system

lim <Z Z()>m = [ [ dZ dZo ZZo Wn(Zo, Z; 1)

N-—»c0
= (1 — Q) R(t) = R(t) — Q2
In terms of the variables 4 and H eq. (64) becomes
) 1 <¢AAAA([)>m
lim — - s
N-soo 1 O4,N
{prAAAA(L)> 1 A. 1 1H »2
= lim [ i = '() = === Pl ]
Nooo | NV 04N ) \’7/1 N f
<pr4 1AAH>? )
p(AH)2 |

1 1
lim —<¢AAAA ) m lim - {pl,l,l,l,.l (£)>

N-»oo 4 N-—oo 4

Since in view of (63)

1
lim = (<A>m — "‘Pl“l e =llo

N-voo 4
we finally get the following equality
. 1
lim (A — <A>m)(A () — <A>m)>m

N-=c0 N
(prAAAH>?
Jplnll() o } (68)

|
Inn =
o N | p1(AH)%

[t is obvious that, if 4 (f) = M (#) (the total magnetization of the system), eq.
(68) reduces to eq. (37). The term by which the two autocorrelation functions
in (68) differ, finds its origin in the energy fluctuations of the canonical
ensemble.
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A necessary and sufficient condition for the phase function A (¢) to be ergodic
is that the time average of the 1. h.s. of (68) vanishes. Since the time averages
of both sides of (68) are equal, Mazur's?) condition involving canonical
averages, for A(f) to be ergodic, is found as a corollary of theequality (68).

The results otained in this section are valid in general for phase functions
A (t) defined for systems with a hamiltonian H, if both A4(¢) and H are sums
of variables with independent distributions in the canonical ensemble, since
then the central limit theorem of probability theory applies, provided certain
additional conditions (¢f. Van der Linden#) and the appendix) aresatisfied.
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APPENDIX

In this appendix we shall prove, for arbitrary but fixed £, that, as N — oo
(p1d(X(0) — Xo) 8(X () — X) 5(Y)>

| 1 X2 — 2R(5) XX o+ X2

. , e e A.l
@m)t (1 — Ry P 2(1 — B2(1)} =

uniformly in X and Xy (¢f. eq. (30) of the main text).
Let ;(u, v, w) be defined as

exp(— pH;) exp(iX;(0) v + 1X;(¢) v + 1Y w)

Yilu, v, w) = A2
2l ) <exp(— BH;)> 1£:2)
With eq. (27) we have
<
Yn(u, v, w) = [1 ¢, v, w). (A.3)
=1

By performing the canonical transformations (1.10) and (1.18) of chapter I
eq. (A.2) becomes
cexp(— BH;) exp(iX;(0) w + iX;(0) v + 1Y w)>
(/I](Il,'(',',if') - : i }) } ( ]( = j( ) = > (.\4)
exp(— pH;)>
where the functions Hj, X;(0), X;({) and Y, are expressed in terms of the
momenta PZz; and Pj; and the coordinates X/ and Yy (¢f. 1. section 2). The
variables P, Py;, Xjand Y will be referred to as ¢ij, ¢2j, ¢3; and gay, respec-
tively, in this appendix.
In terms of the g-variables the hamiltonian H; reads

H; = 3q1; + g3 + ol 935 + do? gl (A.5)
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For the variable Y; we have
= 1 e

P {H; H;»}
i e \‘\, Pl g

1

e 1,2 77 ol 2y 1 N)
g & rese > 21y -+ 293 + ol ;‘14; + ot A+ G (A.6)
OH,N /!

where C is a real constant.
For the variable X;(0) we get
X;(0) = L {ciqs; + dcs0® 103 — deigd — Ao g2
i om, 5 JN 26915 T 3GWL 93 — 3Ci93; — 20O ;95;
— 363450+, 592i93; + $¢1B50-, 191594}, (A.7)
where A4;, B; and ¢; are defined as
2y — B?

Aj - L A.8
! Bm}( ;)'-' ( )
2yw® + B2
By £t : (A.9)
B(n}(] — “’)-
and
B
g = — (A.10)

2;..-4,; + B2(w} + 1B}

For the variable ‘\:,-(/) we finally have
"[ : l Flr.re L2 2 NPT PR 2
X5(t) = o5 N L2Cidy = 26304 1935 — 20499 — 26D 1945

— dei{dysin wy jt cos w— st — Bjcos @ it sin w— it}q1592;

+ $ei{d o jsin wy gt sin w— 4t + Bjw—, 4 cos o, it €0S w— jt1G15q4;
Yei{d w4, cos i 5t cos w gt + Bjwy, ysin wy it sin w— jt}g25qs;

+ 3ci{d oy jo—, jcos i, gt sin o 4t

— Bjwy jo— 5sin wy 4t cos w— jt}g3iqas]. (A.11)

Now, with (A.5), (A.6), (A.7) and (A.11), ; defined by (A.2) can be written as

Y o ‘ “
gi(u,v,w) = exp(iCS™)[ [ dgjexp{— 3 ¥ Su(u, v, ©)qrqis}]
o i =1
t-oo | ; :
| dgsexp(— § ¥ Twgl)] L (A.12)
0 i=1
Introducing new variables ¢i; ( = 1, ..., 4) by
d1i = q14, ("':m..("',
/'U q1j /?J 1934 (A.13)
q2; = 921, qgaj = W—, 944,
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we obtain instead of (A.12)

by, v, 0) = explCEV)[ | Agjexp(—3 3 i, v, w)gisgis)]
e oT - i k=1
| dgjexp{— 3} 3 Ty i1 (A.14)
oo i=1
Here the quantities 7 are given by
T,= 8 (= 1; cuid}. (A.15)
The 4 x 4 matrix S is defined as
J pU 4 iG(u, v, w), (A.16)

where U = 4 x 4 unit matrix and the elements of the real matrix G are
given by

: . Cy 1
G (r33 ~ (u ?) - =W, (A. 17)
oM, N /N ol N /N
o 1
Gaa= Ty ey g _w, (A.18)
oM, N /N OH,N N
g

G2 = Gy — {4 sin w4 jtcos w— 4t

2’7.‘”. N '

= I)’j COS (r)._j/ sin @ 'j/:T', (\1())
3 = Cy .
(13_1 (1_13 o :lj COS _j/ Sin HJ..J/
2(7.\1,.\7 v 4\
Bjsin @, jt cos m— i, (A.20)
5 . €y : : *
Gra = Gy -~ [{A4sin w; gt sin w- i
20m,N /N
= Bjcos @y jtcos w— it + Bju], (A.21)
Cy

Gag = (;:52 — | ,'.‘]j COS wy 'j/ COS @ ‘)[

20m, N5 N

t- By sin wy jtsin w_ jtlv + Aju), (A.22)

G13 = G31 = Gaqg = Gy = 0. (A.23)
From (A.14), (A.15) and (A.16) it follows that

m \ Det gU|! B2 (A.24)
s, v, w . .
& ‘ |Det(BU + iG)|* |Det(BU + iG)|?

Since G is a real symmetric matrix, we can diagonalize G by an orthogonal
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transformation:
(OGO—I)“; = Aidix (4 R= e,
where the eigenvalues A; of G are real. It follows now, that
|Det(BU + iG)|2 = Det(pU + iG)-Det (U — iG)
= Det(p2U + G2) = Det{O(p2U + G2)0-1}
4 4
= 1 (B2 + A% =p8 + p8 3 A% = p8 + 8 Tr G2
i=1 i=1
Since G is symmetric, Tr G2 is given by
1

TrG2= Y (G2
=1

i,k

With (A.17) - (A.23), eq. (A.27) reads explicitly

2 L o)2 2 .
Tr G2 — 4; (w+v)d 4 w (o
e e T T
OM,N £ ou,N 4

(424 B

 20%,5
¢ S
. {(45 + Bj) cos w4, jt cos w- 5t + 24;B;

’;f’ 9
205, N

: yoi A 2uv
X Sin wy, 5t sin - —.
W4 § W j A,\,Y
Transforming to cylindrical variables by
U=pcose,v=psingp,w=w (p=
we get instead of eq. (A.28)
o 4 w 2 9
Br (i e e e = — (B AL+ 55
og,n N 205,y
+ sin 2¢{8 + (4% + B}) cos w4, jt cos m— jt
+ 24;B; sin w4t sin w— jt}] p%|N. (A.30)
It can now easily be checked, that the following inequality holds for all
N,j(=1, ..., N)and ¢:
DiN(¢) = c3[8 + A3 + B} + sin 2¢{8 + (4 -
—+ 2‘]8; sin w4 _jt sin @ .'jf}j > 0. (‘\31)

t B3) cos w4t cos o jt

Since both limy, ., oa, 5y and limy, . op, v exist, there are positive constants
uar and pg such that
(A.32)

0 <oy y<pum
and
0 <ol n < pn (A.33)

for all N.
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It follows from (A.30) — (A.33) that

4 w2 | p>

+-— D) £

Tr G2 > ) =,
2unmr N

el A.34
ug N ( )
Requiring the interaction matrix £ for our system (c¢f. eq. (1)) to obey eq.
(1.77), one can show that (see eq. (A.31))

1, &Y : ]
lim = X DIV(p) = — f dfc2(0){8 + A2(0) 4 B2(6)}
1

N—oo LV § T

sin2p
“"_d’ J d9c2(0)[8 + {A2(8) + B2(6)) cos w.(6)¢ cos w—(0)t

+ 24 (0)B(0) sin w(0)¢ sin w_(0)¢], (A.35)

where c(0), 4(0), B(0) and w.(f) are connected with the quantities ¢;, 45, By
and w. jin the usual way (c¢f. 1. section 4). The limit in (A.35) is established
uniformly in ¢. With the conditions imposed on the function f(6) in
1. section 4, it can be shown, that there is a positive 4, such that

S 4
\lim _ _z:l DN($) = A($) =4 >0 (A.36)
N-—soo iV ]

for all ¢.
Since the limit in (A.36) is established uniformly in ¢, there is an Ny such
that, if N > N,,

N
— > l)}‘\"(d>) > 34 (A.37)
N 1=1

for all . Now we shall first give an upper bound for D{¥'(¢) for all N, j(= 1,
, N) and ¢. From (A.31) it follows that for arbitrary N and j

0 < D™(¢) <2¢5(8 + 45 + Bj) (A.38)
for all ¢,
or
- (N) - 4
0 <DM(¢) < —5—— (A.39)
(1 — »?)
for all ¢.
Assuming that w; (= o}"’) obeys the inequality
m‘;)- = (v);': >0 (A4O)
for all N and 7, we obtain
- V) > 4
0 < DM(¢) < - Do (A.41)

(1 —y?)
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for all N, 7 and ¢. Let the step-function E(x) be defined as
0 x<0
E(x) = {1 =10
x> 0.
From (A.37) it follows with (A.42) that, if N = Ny,
1
N ;
for all ¢. Let, for arbitrary N > Nj and ¢, N{¥'(¢) be the number of §’s
(out of 1, ..., N) for which
DM(g) > 1A.

One finds with (A.41) and (A.43) that N{Y(¢) satisfies the following in-
equality

N
S DVGEDN(G) — 1} + EGA — DM@ =44 (A49)
1

N
X DiM(¢) = 14, (A.44)

AN@Do + (N — NV} > - 3
A |

1
N
So that, if N > Ny,

1

& (ViY@ Do + (N — NiV(9)14} > 34

for all ¢. More explicitly we obtain, if N = N,

1/
> 4 — N =N (O <s=21) (A.46)
I)() e 11

‘V(l.\')(d))
for all . Now we define the functions J;(p, ¢, @) and div(p, ¢, @) as (¢f. (A.29))
Jilp, ¢, @) = Py(u, v, w) j=1...,N) (A.47)

and

N
"Z.’\'(pr (ﬁ' '('L') lI (L](P' 4)' '“‘) = ‘/’x\'(“- v, u")~ (‘\48)
i=1

In general we have

Pilp, b, w)| <1 (A.49)
for all N, 7, p, ¢ and w. However, if N > Ny, we have for at least eN values
of j(= 1, ..., N) the more restrictive upper bound

' 4 w2 A ]*

w ¢ w)| < B2 J)a 1 B6 O - T

‘];i(P (b L) / /{/) P ‘ll” ‘\“v ¢ 2/1.1[ A j

for all p, ¢ and w. Here we have made use of eqs. (A.24), (A.26), (A.30), (A.31),

(A.50)
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(A.32), (A.33), (A.34) and (A.46). Thus we obtain, if N = N,

‘ . [ : 4 w2 : 1] P'.). 1 —eN /4
' 5 , W = 1 “= - — e
‘L.\ (P d’ w) 1 2‘[“" ."\‘ﬁ‘: j

WH A\"/’)':’-'
for all p, $ and w. Now there is an N, such that, if N > N, the r.h.s. of
(A.51) can be bounded by an integrable function. Let N3 be the larger one
of Ng and Ny. If N = N3, ¥n(p, ¢, w)| and consequently | (%, v, @)| can
be bounded by an integrable function. The function (u, », w) defined by

(A.51)

PY(u, v, w) = exp{— ju? — 12 — lw? — R(t)uv} (A.52)
(cf. eq. (29) of the main text) is integrable. Since furthermore, as N — oo
Pn(u, v, w) — P(u, v, w) uniformly in any finite region of (u, v, w) space, we
may finally conclude that, as N — oo

{p19(X(0) — Xo) 6(X(2) — X) 8(Y)
I 1 X2 —2R(t) XXo + X2
T 2n)t 1 — RV s

Xp — = A.53
R 2(1 — R2(t)} {53

uniformly in X and X,.
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SAMENVATTING

Het tijdsafhankelijke, statistisch-mechanische gedrag van systemen be-
staande uit harmonische oscillatoren is het onderwerp geweest van vele, ook
recente, onderzoekingen. In het bijzonder hadden deze onderzoekingen be-
trekking op de stochastische bewegingstypen van één enkel deeltje. Hoewel
in zulke systemen bijv. niet voldaan wordt aan de macroscopische wet voor
de warmtegeleiding van Fourier, is gebleken, dat deze systemen enkele
opvallende eigenschappen vertonen, die karakteristiek zijn voor het gedrag
van systemen met een meer realistische wisselwerking.

In de bovengenoemde onderzoekingen werden grootheden bestudeerd, die
essentieel locaal van aard zijn. Het in dit proefschrift beschreven onderzoek
echter betreft een grootheid, die betrekking heeft op het gehele systeem, na-
melijk de fotale magnetisatie van een systeem bestaande uit harmonische
oscillatoren in een magneetveld. In een tijdsafhankelijk magneetveld kan
zo'n systeem dan dienen als model voor diamagnetische relaxatie, d.w.z. men
mag verwachten, dat een dergelijk systeem zich, in kwalitatieve zin, ge-
draagt als een echt diamagnetisch systeem. In de theorie voor diamagne-
tische relaxatie, die in dit proefschrift wordt gegeven, speelt het tijdsgedrag
van de autocorrelatiefunctie van de magnetisatie in het kanoniek ensemble
een centrale rol. Mazur heeft onlangs aangetoond dat er een nauw verband
bestaat tussen het tijdsgemiddelde van zo'n autocorrelatiefunctie en het ergo-
disch gedrag van de bewuste fasefunctie (of operator). In verband hiermee
wordt ruime aandacht geschonken aan de ergodische eigenschappen van de
totale magnetisatie in systemen bestaande uit harmonische oscillatoren.

In hoofdstuk I wordt een oplossing gegeven van de bewegingsvergelijkin-
gen voor een lineaire keten van geladen, anisotroop gekoppelde, twee-
dimensionale harmonische oscillatoren in een magneetveld B. Een expliciete
uitdrukking wordt afgeleid voor de antocorrelatiefunctie R(f) van de magne-
tisatie in het kanoniek ensemble. Het asymptotisch tijdsgedrag van R(?)
wordt, in de limiet van een oneindig systeem, besproken in samenhang met

de ergodische eigenschappen van de magnetisatie voor verschillende waar-
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den van B en van de anisotropie parameter y. Het blijkt, dat de magnetisatie
alleen ergodisch is, indien y % O en B — 0.

In hoofdstuk II wordt een lineaire responsietheorie gegeven voor eenvou-
dige diamagnetische systemen in een tijdsafhankelijk magneetveld. Voorts
worden uitdrukkingen gegeven voor de isotherme, adiabatische, geisoleerde
en frequentieafhankelijke susceptibiliteit per deeltje van diamagnetische
systemen. Ongelijkheden tussen de verschillende susceptibiliteiten worden
afgeleid. De theorie wordt toegepast op het in hoofdstuk I bestudeerde
systeem,

In hoofdstuk IIT wordt, in de klassieke limiet, het stochastische gedrag
onderzocht van de genormeerde totale magnetisatie X () van het in hoofd-
stuk I bestudeerde systeem. Uitdrukkingen worden, in de limiet van een on-
eindig systeem, afgeleid voor de simultane en conditionele distributiefunctie
van X () in het mikrokanoniek ensemble. Het blijkt dat het proces X(#) een
stationair, Gaussisch proces, maar niet een Markoff-proces is. Het asympto-
tisch tijdsgedrag van de conditionele distributiefunctie en het conditionele
tijdsgemiddelde van X () wordt besproken in samenhang met de ergodische
eigenschappen van X (£) voor verschillende waarden van y en B. Voorts blijkt
dat het proces X ({) een ergodisch proces is, indien y # 0 en B — 0. Tenslotte
wordt een gelijkheid afgeleid die een verband geeft tussen de mikronanonieke
en kanonieke autocorrelatiefuncties van somvariabelen.
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