Topological Mechanics

l. Topology and the Wave Equation

1. Topological Phonons and Photons:

- Topological band gaps at finite frequency
1. Classical Mechanical Modes in Isostatic Lattices

-Fl oppy modes and Maxwell 6s coun
- Twisted Kagome lattice Model

- Topological boundary modes.

- Index theorem

- Analog SSH model
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Topological Electronic Phases

Bulk Topological Invariant

Integer quantum Hall effect
no symmetry

Bulk: Integer Chern invariant
Boundary: Chiral edge states

topological insulator
time reversal symmetry

Bulk: Z, invariant
Boundary: Helical edge states

topological insulator
time reversal symmetry

Bulk: Z, invariant
Boundary: Helical surface state

1D Topological Superconductor

particle-hole symmetry

Bulk: Z, invariant
Boundary: Majorana zero mode

Boundary Topological Modes
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Wave Equations

Quantum:
e.g. Schrodinger Equation  172)/; =H; ¥

Classical:
e.g. Newtono6s Myawd)y

Common features:

Normal modes define an eigenvalue problem.

Role of symmetry and topology for bulk and boundary modes

Search for periodic Ametamater.



Periodic Table of Topological Insulators and Superconductors

- Time Reversal : QHK) Q" =H{ k), * Q1 Kitaev, 2008
_ Particle - Hole XH (k) Xl :H-( k) : 2 x]_ Schnyder, Ryu, Furusaki, Ludwig 2008
Unitary (chiral) symmetry : PH(K) P! = H(k) ; P’
Symmetry d
A7 e = IT 1 2 3 4 5 6 7 8
Insulator: no symmetry | A 0 0 0 0O Z 0| Z 0 Z 0 Z
AIIL| O 0 1 Z 0 Z 0 Z 0 Z 0
Al 1 0 0 O 0 0 Z 0 Zo Zo Z
BDI 1 1 1 Z 0 0 0 Z 0 Zs Zo
BdG superconductor D 0 1 0 Zo 7 0 0 0 7, 0 Zo
T invariant BdG superconductor | DITI[ —1 1 1 Zo Zo Z | O 0 0O 7Z 0
T invariant insulator | AIT | —1 0 0 0 Zo Zo| Z O 0 0 Z
cir| -1 -1 1 Z 0 Zeo Zo Z 0 0 O
) 0 —1 0 0O Z 0 Zo Zo Z 0 O
ClI 1 —1 1 0O 0 Z 0 Zo Zo Z 0

Even richer topological classes when accounting for crystalline space group symmetries :
Aweak topol ogical i nsul at or s o, At opol ogi c
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Classical Topological Band Phenomena

Topological bandgaps and chiral edge modes at finite frequency in classical systems
In two dimensions with broken time reversal symmetry.

P hoton IC » vaigg’:t:[r:fr];fh . Antenna B } - - /,\T a A 1
CES wavegl.\lide\\\ L =i | 5 Rt
Haldane, Raghu PRL 2008 I qg
— | ;_' R .
Wang, Chong, Joannopoulos, \ . qg’_ K el E Xl
Soljacic, PRL 2008 = o e
z LWL

y&x — g 3

e . . ) _ 3 = =
Microwave Waveguide wavevector (2p/a

Phononic b

1 = 1.06Hz

Prodhan, Prodhan, PRL 2009

=

N

Nash, Kleckner, Read, Vitelli,
Turner, Irvine, PNAS 2015

o N &
Y
e

freq. (2/90,)
8]

ee. .

Gyroscopic Metamaterial



Maxwell Problem
JC Maxwell 1865

| s a a@ofcondiguration of masses
and springs mechanically stable ?
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State of self-stress



Proof of Maxwell-Calladine Counting Rule:

elastic energy : U _%u 0] an k)ﬁ] —u:QCj a

1

bond extension x,,: X, = a Q u site displacement u;
= >dnsxnbﬁEquiIieri,Hm
U ;D
site force f:: fi = _ﬁT =a-Qnt, bond tension t_=kx,
i m=1
floppy mode : QT Qu 6 N, = # zero eigenvectors of QT
self-stress state: Q Q 6 N = # zero eigenvectors of Q

Rank Nullity Theorem of Linear Algebra :

Nn=Nq,-N, = #rows - #columnsof Q,, = dng-n,

SS

n= Aindexo of Q Ssi mpl est ve



Periodic Isostatic Lattice

A periodic structure with dn 7 n, =0
On the verge of

Coordination number (# neighbors): z = 2d mechanical instability
/7
d=2 square lattice (z=4) d=2 kagome lattice (z=4) d=3 pyrochlore (z=6)

A model system for problems in soft matter and statistical physics

ARigidity percolation
Isostatic on

ARandom closed packing, Jamming
the average

A Network glasses



Kagome Lattice Model

Untwisted

periodic boundary condition

A_NA_A_A_A_A
K XX XX X X

floppy
mode (fm)

state of
self stress

(ss)

X XTIIIX

Sun, Souslov, Mao and Lubensky 2012

p Ky floppy modes
wk) =0

A

Periodic b.c. : 2 nge - Nygng = O

Open b.c.: 2 Nge - Nyong ~ L/a
NFM - L/a., NSS = O
ky
Ky
Periodic b.c. : twisting eliminates
both FM and SS
Open b.c.: Ng,~ L/a; Ngg=0

Localized on Boundary



Floppy Modes on a Free Boundary

For twisted Kagome, floppymodes required by I|daizedvanlbdurddary ¢ o u

Strip Geometry Normal Mode Spectrum

Fixed Boundary

PR
X XXX EEEEEE

Free Boundary \

zero frequency mode bulk acoustic
localized at boundary modes



2012 Tom: Are my boundary modes related
to your boundary modes?

CLK: I dson ot t hi nk

i 2013 Tom: Are you sure ?
Tom Lubensky

Schrodinger Equation Newt onds Law
1st order in time 2"d order in time
Hamiltonian H has positive Dynamical matrix D has only
or negative eigenvalues E positive eigenvalues mw?

A E

I : .

Topologically classify valence band No Aval ence bando




Di racbdés Probl em

Klein Gordon Equation (p= 4 )

- v G pf myy

& m p-ip, 0 &m R -ig _a@;+p; 0
ch*ip,  m ZpCiwe, om E 0 P+ Py e
Paul Dirac: Al 6 m

2 2 the squarerootof s omet hi |

JpZ+p2 )1 Bs, B, m
1E

Diracds Square RQ'G—MM cted
the anti-electron (= positron) e’ —>/@\

Our Problem: - ﬁ] P U
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BSupersymmetricpar t ner s o

— T ~
D=QQ D=Q'Q
D and D have same eigenvalues: WZ

QQ'y=wiy, Y QQAJdy) =(3 y

Except for zero modes

QQ'Qu 6 floppy mode
QTQQ e state of self stress

Equivalent nAnQuantum Hamiltoniano
eigenvalues of H :

_e0 Qg , Q" 0 E= W
U ! H é T :
8? O é O Q Q + both kinds of

zero modes

Symmetries

Time reversal ( H=H*)

Particle i Hole (H t?=-tz H) Class nBDI o (same as



Symmetry d

A7 e = IT 1 2 3 4 5 6 7T 8

A 0 0 0 o Z 0 #Z 0 Z 0 Z

no symmetry | AIII1 0 0 1 Z 0 Z| 0 Z 0 Z 0
Al 1 0 0 0 0 0 Z 0 Zo Zo Z
T-invariant | BDI| 1 1 1|Z 0 0] 0 Z 0 Z2 Zo
D 0 1 0| Zo Z 0 0 0 Z 0 Z»

DIII| —1 1 1 | Zo Zo Z 0 0 0 Z O

All | —1 0 0 0 Zeo Zo 4 0 0 0 Z

cir|, -1 -1 1 Z 0 Zo Zo Z 0 0 O

C 0 —1 0 0O Z 0 Zo Zo Z 0 O

ClI 1 —1 1 0O 0 Z 0 Zo Zo Z 0

Integer Topological Invariant:
QI GLN QG  "sa™ 0, detR] IC

d=1: n= 5@, TIQ (W QB =50, fik Joa(detl @) ~remsinee

d=3: n=_ @, TT{Q (K dqR)”

_24,02 ]



D=2: NWeak Topol ogl cze

Two independent (1D) winding numbers

1 1
Njc2 = %ﬁj Tr[Q (K dQ K]

The two invariants define a lattice vector
RT = n1a1 'mzaz

where C; is along reciprocal lattice generator b; with &, ij 20 ﬂ

Twisted Kagome lattice model: R, =0



New Topological Phases and Domain Walls

a, (lattice vector)

=Nnpa; +ny

Ry

Z x Z topological invariant:

| atR;i c 6

mo d e |

JD

Kagome

NnDef or medo

Spectrum of H ~

periodic boundary condition
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wo Kinds of Zero Modes?

1. Edge modes due to mismatch of # sites and # bonds
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Index Theorem

A Al ocal 0 gener al iCalaihe countingordle t h e

Variant of a famous theorem in mathematics

# floppy modes and C
states of self stress N S N S %) S '}1‘7
in region S fm SS L

flLocal countd o f site 775
and bonds in S L

dnSS _nOS

d-1

d" "S- .
ffopological countd o n S >4 IE '.
boundary of S nT r;g V “

cell

Attyahand Singer 063
Callias,Bottand Seel ey 078

Depends on edge
termination

Depends on topological
class(es) of bulk
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