Exam Quantum Theory, 24 January 2022, 14.15-17.15 hours.

1. In class we derived Kramers theorem for a Hermitian operator. Here we will

derive a similar theorem for a unitary operator U. Let T be an antiunitary
operator that squares to 1. Assume that

TU U 'T:

a) Let be an eigenstate of U with eigenvalue . Provethat ° T
an eigenstate of U with the same eigenvalue.

b) Prove that and ©° are not linearly related, so that indeed the eigenvalue
is doubly degenerate.

is also

. In class we encountered coherent states, which are eigenstates of the (bosonic)
annihilation operator a. Alice and Bob wonder about eigenstates of the cre-
ation operator a¥. Bob says: If j i is an eigenstate of a with eigenvalue
then j 1 Iis an eigenstate of a¥ with eigenvalue . Alice disagrees.

a) Who is right, Alice or Bob? Motivate your answer.

b) Suppose that j 1 is an eigenstate of a¥ with eigenvalue
hn 1j 1 Oifhnj 1 O, for any number state jni.

c) Prove that hOj i 0. What do you conclude about the existence of eigen-
states of the creation operator? What about the special case 0?

0. Prove that

3. We study a harmonic oscillator (frequency ¥) with a time dependent mass™
mt moe ¢, for some real constants mg and . Its Hamiltonian is

2
H t P 1
2m t 2

(We work in the Schrédinger picture, so the operators x and p are not time
dependent.)

a) Define the operators A
IsU t unitary?

b) DefinePt UtpuU 1t,Xt

B

px i andU t 'A% | Is A Hermitian?

N

Ut xU !t. Derivethat

d d
—P t Pt; —Xt =Xt:
dt 2" 7 dt 2

Hint: notice that A;p %i pand A;X

continued on second page

*This is known as the Caldirola-Kanai oscillator, and is used as a model for
damping by friction.



c) Solve these di Lerkntial equations to obtain P t and X t in terms of p
and X. Then prove that

Ht UtHOU!t:

d) Charlie looks at this expression for H t and concludes that the wave
function t of the harmonic oscillator depends on time as

t Ut exp it= HO 0:

This is not quite correct, what term has Charlie overlooked? Explain why
Charlie’s equation can be called the “adiabatic approximation” for t .

4. A particle of mass m moves freely along the x-axis, with Hamiltonian

H X p 2pz-m and Lagrangian L x; X %mxz.

R¢
a) Calculate the classical action Sgjass tf Ldt for the classical path from
point X; at time t; to point X, at time t,.

b) Calculate the quantum mechanical propagatorT
G Xoitr X1ty hxsje = © tHjxj:

c) Discuss the relation between G and S ,ss in the context of Feynman’s path
integral formula.

n
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